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Abstract. This paper provides an extension of Vuong’s (1989, Econometrica, 57, pp.307–333) model
selection test to the multivariate case. We use the Kullback–Leibler Information Criterion (KLIC) to
measure the closeness of a model to the truth to provide a diagnosis of many competing models where
the models are not correctly specified. After investigating the asymptotic joint distribution of the
likelihood ratio (LR) statistics, we propose LR-based portmanteau test statistics for model selection
among many competing models. These tests are easy to compute and are established under any model
case, including nested, strictly nested, or overlapping; and are useful where several function forms and
exogenous variables give the candidate models. The case of a nested structure yields a test of the best
model and the confidence set of the best model from the standpoint of KLIC. We also discuss the use of
information criteria instead of LR statistics.

KEYWORDS. Likelihood ratio tests; model selection; portmanteau tests; generalized likelihood ratio
tests; goodness-of-fit; information criterion.

1 INTRODUCTION

In this paper, we propose some new tests for model selection by extending Vuong’s (1989) results to
the multivariate case. Vuong (1989) presented likelihood ratio (LR) based statistics for testing the null
hypothesis that two competing models are equally close to the true data generating process (DGP) from
the standpoint of the Kullback–Leibler (1951) Information Criterion (KLIC) against the alternative hy-
pothesis that one model is closer.

The results in Vuong (1989) have been extended and applied in a number of ways, including Lien and
Vuong’s (1987) application to normal linear regression models, Vuong and Wang’s (1993) application
to Pearson chi-square type statistics, and Rivers and Vuong’s (2002) extension to nonlinear dynamic
models. Following findings in Nishii (1988) and Vuong (1989), Sin and White (1996) examine the
sufficient conditions for consistency of various information criteria in a very wide class of models.

However, none of this work has considered the generalization of Vuong’s (1989) results to the case
of many competing models. As Vuong (1989, Section 8) pointed out, this is an important problem in
model selection. Hence, the purpose of this paper is to extend Vuong’s (1989) asymptotic results to
the multivariate case and examine the testing problem: the null hypothesis thatm models are equally
close to the true DGP from the standpoint of the KLIC against the alternative hypothesis that at least
one model is closer wherem is a positive integer larger than two. This test is useful when some models
estimate closer values for the information criteria, e.g., the Akaike (1973) Information Criterion (AIC),
the Takeuchi (1976) Information Criterion (TIC), the Schwarz (1978) Information Criterion (SIC) and
the Hannan–Quinn (1979) Information Criterion (HQIC).

On considering this problem, we have to face the brutal truth that there is a serious problem with
computational cost, even though the asymptotic joint cumulative distribution functions (j.c.d.f.) of the
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test statistics are established. This is because computation of the j.c.d.f. requires computation of numer-
ical multiple integration. Therefore, the usual multiple tests are limited for practical use.

Some methods were presented for this problem: (i) Numerical integration rules by Shephard (1991a,
1991b). Shephard (1991a, 1991b) established a unified computation framework for the j.c.d.f. by invert-
ing its joint characteristic function. This technique is based on the multivariate inversion formula and is
useful when the joint characteristic function is inexpensive to evaluate and the dimension of integration
is reasonably small (see Shephard (1991b, Section 7)). (ii) Simulation experimentation techniques that
approximate the (asymptotic) j.c.d.f.. However, this technique generally requires a large computational
cost. (iii) Use of various inequalities in multiple comparisons to reduce the dimensions of the j.c.d.f..
This technique is most popular in multiple tests, though the technique of multiple comparison uses in-
equality of probability. In summary, these three methods are not suitable for Vuong’s (1989) test in the
multivariate case with many competing models. Hence, we take a different approach to that suggested
and propose (iv) portmanteau test statistics to test the composite hypothesis.

Portmanteau test statistics were first proposed in the 1970s and since then have been practically em-
ployed in various time series models. These are based on the sum of the firstm residual autocorrelations
to test that the noise of the fitted model behaves like an independent process and the firstmautocorrela-
tions are zero. Li (2004) reviews applications of these statistics in various time series models.

Among nested models, our proposed statistics also relate to Hosoya’s (1984, 1986, 1989) generalized
likelihood ratio (GLR) test. The GLR test conducts a simultaneous LR test with equal marginal error
rate and constructs a nested confidence set based on the test in the nested models

Our portmanteau test statistics are based on the sum of (squared)m−1 LR test statistics, as LR test
statistics measure the relative metric among models from the standpoint of KLIC. In particular, among
nested models, these test statistics yield new goodness-of-fit test statistics when we suppose the models
are not always correctly specified. Every portmanteau test needs at most one-dimensional numerical
integration to compute the probability. It therefore overcomes the problem of computational cost.

The paper is organized as follows. In Section 2, we provide a basic framework. Section 3 derives
the asymptotic joint distribution of the LR test statistics and the variance statistics presented in Vuong
(1989). In Section 4, we derive the asymptotic theory of tests based on the portmanteau test statistics:
namely, the sum of (squared)m−1 LR test statistics and the sum of variance test statistics where the
competing models are nested, strictly nonnested, or overlapping. We then derive, for the case where all
models are nested, the confidence set of the best model based on the GLR test. We also examine a mixed
case; that is, partially nested, partially nonnested, or partially overlapping. Section 5 summarizes the
results. The mathematical proofs are given in the Appendix.

For ease of understanding, we employ Vuong’s (1989) notations, assumptions, definitions and so
forth. Throughout this paper, let∇ be the gradient operator such that, for appropriate vectorx andy,
∇x f (x) = ∂ f (x)/∂x and∇2

xy′ f (x) = ∂ 2 f (x,y)/∂x∂y′. A matrix 0 denotes an appropriate dimensional
matrix where all elements are zeros. All convergences are given by sample sizen going to infinity.
Therefore, we often omit these arguments for brevity.

2 BASIC FRAMEWORK

In this section, we briefly set the basic framework of the paper, where the DGP and the models are
expressed in a similar framework to White (1982) and Vuong (1989). White (1994, Chapter 2 and
Section 3.1) provides a rigorous discussion of the framework for dependent random vector observations.

Let Xt be aq-dimensional random vector on a complete probability space(X,σX) whereσX is the
Borelσ -field by the open sets ofX≡Rq. The vectorXt is partitioned asXt = (Y′t ,Z′t)′ whereYt andZt are
respectivelyqy andqz dimensional vectors withq = qy +qz. Let (Y,σY) and(Z,σZ) be the measurable
spaces associated withYt andZt . Let H0

X be the true joint distribution ofXt . We shall be interested in the
true conditional distributionH0

Y|Z( · | ·) of Yt given byZt . Let H0
Z be the true marginal distribution ofZt ,

andνY be the aσ -finite measure on(Y,σY).
The DGPXt , t = 1,2, . . . ,n satisfies the following assumption:

2



Assumption A1 (Data Generation Process) (i) The q-dimensional random vectorsXt = (Y′t ,Z′t)′,
t = 1,2, . . . , are independent and identically distributed (i.i.d.) with common true distributionH0

X
on (X,σ).

(ii) For H0
Z-almost all z, H0

Y|Z( · |z) has a Radon–Nikodym densityh0( · |z) relative to νY, which is
strictly positive forνY-almost ally.

Throughout this paper, we considerm parametric families of conditional distributions defined on
σY×Z for Yt givenZt :

Fi ≡
{

F(i)
Y|Z( · | · ;θi);θi ∈Θi ⊂ Rpi

}
, i = 1,2, . . . ,m, (2.1)

wherepis are positive integers such thatpi ≤ p j , i < j.
For ease of exposition, we collect the following assumptions used in Vuong (1989). To reduce

complexity, we set the assumptions for a typicali, j of (2.1).

Assumption A2 (i) (a) For a everyθi ∈ Θi and for H0
Z-almost all z, the conditional distribution

F(i)
Y|Z( · |z,θi) has a Radon–Nikodym densityfi( · |z;θi) relative toνY, which is strictly positive for

νY-almost ally. (b) Θi is a compact subset ofRpi , and the conditional densityfi(y|z;θi) is contin-
uous inθi for H0

X-almost all(y,z).

(ii) (a) For H0
X-almost all(y,z), | log fi(y|z;θi)| is dominated by anH0

X-integrable function independent
of θi ∈Θi . (b) The functionzf ≡

∫
log fi(y|z;θi)H0

X(dx) has a unique maximum onθ ∗i ∈Θi .

(iii) (a) For H0
X-almost all(y,z), log fi(y|z; ·) is twice continuously differentiable onΘi . (b) For H0

X-
almost all(y,z), |∇θi log fi(y|z;θi) ·∇θ ′j log f j(y|z;θ j)|, |∇2

θiθ ′i
log fi(y|z;θi)| and| log fi(y|z;θi)|2 are

dominated byH0
X-integrable functions independent ofθi ∈Θi andθ j ∈Θ j .

(iv) (a) θ ∗i is an interior point ofΘi . (b) θ ∗i is a regular point ofAi(θi), where

Ai(θi)≡ E
[
∇2

θiθ ′i
log fi(Yt |Zt ;θi)

]
(2.2)

andE[ · ] denotes the expectation with respect toH0
X.

From White (1994, Theorem 2.11), Assumption A2-(i) ensures existence ofθ̂in such that

L(i)
n (θ̂in) = sup

θi∈Θi

L(i)
n (θi),

whereL(i)
n (θ) is defined as the sum of the quasi-log-likelihood functions:

L(i)
n (θ)≡

n

∑
t=1

log fi(Yt |Zt ;θ).

From White (1994, Theorem 2.13), Assumptions A2-(i) and A2-(iii)-(a) ensure∇θ̂in
L(i)

n (θ̂in) = 0. As-
sumption A2-(ii) ensures the existence of the global minimizer of KLIC inΘi :

θ ∗i = argmin
θi∈Θi

E

[
log

h0(Yt |Zt)
fi(Yt |Zt ;θi)

]
.

Assumptions A2-(ii)-(a) and A2-(iii) ensure existence of all moments with respect toH0
X appear in

this paper by using the Cauchy–Schwarz inequality. Assumptions A2-(iii) and A2-(iv)-(b) ensure the
existence of (2.2) and the matrices:

Bi j (θi ,θ j)≡ E
[
∇θi log fi(Yt |Zt ;θi) ·∇θ ′j log f j(Yt |Zt ;θ j)

]
= B ji (θ j ,θi)′ (2.3)

Ci j (θ ∗i ,θ ∗j )≡ Ai(θ ∗i )−1Bi j (θ ∗i ,θ ∗j )A j(θ ∗j )−1. (2.4)
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For simplicity of notation, letA∗i ≡ Ai(θ ∗i ), B∗i j ≡ Bi j (θ ∗i ,θ ∗j ), B∗ji ≡ B∗i j
′ andC∗i j ≡ A∗−1

i B∗i j A
∗−1
j . As

Vuong (1989, Lemma A and Section 2) notes, Assumptions A1 and A2 ensureθ̂in is consistent for
θ ∗i . From this, Assumption A2-(iii) and Jennrich (1969, Theorem 2),A∗i ,B

∗
i j andC∗i j are consistently

estimated by:

Ain(θ̂in)≡ 1
n

n

∑
t=1

∂ 2 log f (Yt |Zt ; θ̂in)
∂θ iθ ′i

,

Bi jn(θ̂in, θ̂ jn)≡ 1
n

n

∑
t=1

∂ log f (Yt |Zt ; θ̂in)
∂θ i

∂ log f (Yt |Zt ; θ̂ jn)
∂θ ′j

,

Ci jn(θ̂in, θ̂ jn)≡ Ain(θ̂i)−1Bi jn(θ̂in, θ̂ jn)A jn(θ̂ j)−1. (2.5)

From White (1982, Theorem 3.1), Assumption A2-(iv) imposes negative definiteness ofAi(θ ∗i ).
The remainder of this section summarizes the distribution of the quadratic form of normal random

vectors used in this paper.
The following is from Vuong (1989, Definition 1):

Definition 1 (Weighted Sums of Chi-Square Distributions) Let Z = (Z1,Z2, . . . ,Zm)′ be a vector
of m independent standard normal variables, and letλ = (λ1,λ2, . . . ,λm)′ be a vector ofm real numbers.
Then, the random variable∑m

i=1 λiZ 2
i is distributed as a weighted sum of chi-squares with parameters

(m,λ ). The cumulative distribution function (c.d.f.) is denoted byMm( · ;λ ).

The following is from Vuong (1989, Lemma 3.2):

Lemma 2.1 (Vuong, 1989, Lemma 3.2)Let U be a vector ofm random variables distributed as
Nm(0,Σ) with rankΣ≤m. LetA be am×mreal symmetric matrix. Then:

(i) U ′AU ∼Mm( · ;λ ), whereλ is the vector of eigenvalues ofAΣ. Moreover, the eigenvalues are all
real and nonnegative ifA is positive semidefinite.

(ii) In addition, if AΣ is an idempotent matrix withrank(AΣ) = r ≤m, U ′AU ∼ χ2(r) whereχ2(r) is
a chi-squared random variable withr degrees of freedom.

Part (i) of Lemma 2.1 is due to Vuong (1989, Lemma 3.2). Part (ii) of Lemma 2.1 is well known and
obvious from Part (i) and Definition 1.

In this paper, multivariate versions of the weighted sums of chi-square distributions also appear. We
define this distribution as follows:

Definition 2 (Multivariate Weighted Sums of Chi-Square Distributions) LetU be a vector ofm ran-
dom variables distributed asNm(0,Σ) with rankΣ ≤ m. Let Ai be a m×m real symmetric ma-
trix, i = 1,2, . . . ,k. Then the random vector(U ′A1U,U ′A2U, . . . ,U ′AkU)′ is distributed as a mul-
tivariate weighted sum of chi-squares with parameters(m,A1, . . . ,Ak,Σ). Its j.c.d.f. is denoted by
Mm,k( · ;A1, . . . ,Ak,Σ) and its joint characteristic function is given by

φ(t1, . . . , tk)≡
m

∏
j=1

{
1−2iλ j

(
k

∑
l=1

tl Al Σ

)}−1/2

(2.6)

whereλ j(∑k
l=1 tl Al Σ) denotesjth eigenvalue of∑k

l=1 tl Al Σ.

Remark 1 (Calculation of Mm( · ;λ ) and Mm,k( · ;A1, . . . ,Ak,Σ)) Moments and independence condi-
tions ofU ′AiUs are obtained from Lemma A.1. Calculation ofMm( · ;λ ) is given by Imhof’s (1961)
formula. Some approximations ofMm( · ;λ ) are given by, e.g., Johnson et al. (1994, Section 18.8).
Calculation ofMm,k( · ;A1, . . . ,Ak,Σ) is conducted using Shephard’s (1991a,1991b) multivariate version
of Imhof’s (1961) formula. However, in general, this method is expensive unless the value ofk is small.
See Shephard (1991b, Section 4).
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3 ASYMPTOTIC JOINT DISTRIBUTION OF THE LIKELIHOOD RATIO AND
VARIANCE STATISTICS

To evaluate the goodness-of-fit of the model, we employ LR statistics to measure the KLIC. In this
section, we obtain the joint asymptotic distribution of the LR statistics and variance statistics discussed
in Vuong (1989) under general conditions.

Let LRn(i, j) be a LR statisticFi againstFj :

LRn(i, j)≡ L( j)
n (θ̂ jn)−L(i)

n (θ̂in) =
n

∑
t=1

log
f j(Yt |Zt ; θ̂ jn)

fi(Yt |Zt ; θ̂in)
(3.1)

for i < j. Similarly, letE∗(i, j) be a relative metric betweenFi andFj from the standpoint of KLIC:

E∗(i, j)≡ E
[
log f j(Yt |Zt ;θ ∗j )

]−E[log fi(Yt |Zt ;θ ∗i )]. (3.2)

To proceed, we prepare the notation and lemmas given below and in the Appendix. Letp≡ ∑m
i=1 pi ,

θ̂ n ≡ (θ̂ ′1n, θ̂ ′2n, . . . , θ̂ ′mn)
′,

θ ∗ ≡ (θ ∗1
′,θ ∗2

′, . . . ,θ ∗m
′)′,

LRmn≡ [LRn(1,2),LRn(1,3), . . . ,LRn(1,m)]′,

E∗ ≡ [E∗(1,2),E∗(1,3), . . . ,E∗(1,m)]′,

Ûn ≡
√

n
[
(θ̂ n−θ ∗)′,(LRmn/n−E∗)′

]′
.

Given Assumptions A1 and A2, it follows from Vuong (1989), among others, thatθ̂ n andLRmn/n
are consistent forθ ∗ andE∗, respectively. The following lemma is a generalization of Vuong (1989,
Lemma A):

Lemma 3.1 (Asymptotic Normality of Estimates) Under Assumptions A1 and A2, it holds that, as
n→ ∞,

Ûn
d→U , (3.3)

whereU is a p+ m−1 vector of normal random variables with mean zero and the following possibly
singular variance covariance matrix:

Σ≡
[

Σθθ ΣθL

Σ′θL ΣLL

]
,

Σθθ ≡
[
Ci, j(θ ∗i ,θ ∗j )

]
i, j=1,...,m

,

ΣθL ≡
[
Cov

(
−A∗−1

i
∂ log fi(Yt |Zt ;θ ∗i )

∂θ ∗i
, log

f j+1(Yt |Zt ;θ ∗j+1)
f1(Yt |Zt ;θ ∗1 )

)]

i=1,2,...,m, j=1,2,...,m−1

,

andΣLL ≡
[
Cov

(
log

fi+1(Yt |Zt ;θ ∗i+1)
f1(Yt |Zt ;θ ∗1 )

, log
f j+1(Yt |Zt ;θ ∗j+1)

f1(Yt |Zt ;θ ∗1 )

)]

i, j=1,2,...,m−1

,

whereCov[ · ] denotes the covariance with respect toH0
X.

Following from Vuong (1989, Theorem 3.3), whenf1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ) for somei, LRn(1, i) =
Op(1), E∗(1, i) = 0 and the corresponding element ofΣ is zero. Hence,ΣLL is possibly singular.
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Remark 2 (Consistent Estimator ofΣ) Following Jennrich (1969, Theorem 2) and Assumption A2-
(iii), a strong consistent estimator ofΣ is obtained from the sample analogs of the submatrices ofΣ. Σθθ
is estimated from (2.5). Typical(i, j)th submatrices ofΣθL andΣLL are respectively estimated from:

σθL
i jn (θ̂in, θ̂ jn)≡− 1

n
Ain(θ̂in)−1

n

∑
t=1

∂ log fi(Yt |Zt ; θ̂in)
∂θi

log
f j+1(Yt |Zt ; θ̂( j+1)n)

f1(Yt |Zt ; θ̂1n)

+

{
Ain(θ̂in)−11

n

n

∑
t=1

∂ log fi(Yt |Zt ; θ̂in)
∂θi

}{
1
n

n

∑
t=1

log
f j+1(Yt |Zt ; θ̂( j+1)n)

f1(Yt |Zt ; θ̂1n)

}
(3.4)

andσLL
i jn(θ̂in, θ̂ jn)≡1

n

n

∑
t=1

log
fi+1(Yt |Zt ; θ̂(i+1)n)

f1(Yt |Zt ; θ̂1n)
log

f j+1(Yt |Zt ; θ̂( j+1)n)

f1(Yt |Zt ; θ̂1n)

−
{

1
n

n

∑
t=1

log
fi+1(Yt |Zt ; θ̂(i+1)n)

f1(Yt |Zt ; θ̂1n)

}{
1
n

n

∑
t=1

log
f j+1(Yt |Zt ; θ̂( j+1)n)

f1(Yt |Zt ; θ̂1n)

}
. (3.5)

Following from Lemma 3.1 and Lemma A.1-(i), we obtain:

Theorem 3.1 (Asymptotic Distribution of the LR Statistics) Under Assumptions A1 and A2, it holds
that, asn→ ∞,

Dn(LRmn/n−E∗) d→ (U2,U3, . . . ,Um)′ (3.6)

whereDn ≡ diag(d2n,d3n, . . . ,dmn),

din ≡
{

2n if f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i )√
n if f1( · | · ;θ ∗1 ) 6= fi( · | · ;θ ∗i ),

Ui ≡
{

U ′AiU if f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i )
b′iU if f1( · | · ;θ ∗1 ) 6= fi( · | · ;θ ∗i ),

i = 2,3, . . . ,m, Ai is a (p+ m− 1)× (p+ m− 1) matrix defined byAi = I ′
iQiI i , Qi and I i are a

(p1 + pi)× (p1 + pi) matrix and(p1 + pi)× (p+m−1) matrix, respectively, which are given by:

Qi ≡
[
A∗1 0
0 −A∗i

]
,

I 2 ≡
[
Ip1 0 0
0 Ip2 0

]

andI i ≡
[
Ip1 O1 0 0
0 Oi Ipi 0

]
, i ≥ 3,

respectively,O j , j = 1, i, is a p j × (p2 + · · ·+ pi−1) zero matrix,bi is a (p+ m− 1)-vector where the
(p+ i−1)th component is one and zero otherwise, andU is given by Lemma 3.1.

From Vuong (1989, Lemma 4.1) and Lemma 3.1,f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ), i = 2,3, . . . ,m, if and
only if the values of the diagonal elements ofΣLL are all zero. It follows that the variance estima-
tor σLL

iin (θ̂in, θ̂in), i = 1,2, . . . ,m− 1, given by (3.5) are natural statistics to test whetherf1( · | · ;θ ∗1 ) =
fi( · | · ;θ ∗i ) for all i.
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Hence, we investigate the following statistics:

ω̂2
n(1, i)≡ σLL

iin (θ̂in, θ̂in)

=
1
n

n

∑
t=1

{
log

fi(Yt |Zt ; θ̂in)

f1(Yt |Zt ; θ̂1n)

}2

−
{

1
n

n

∑
t=1

log
fi(Yt |Zt ; θ̂in)

f1(Yt |Zt ; θ̂1n)

}2

, (3.7)

ω̃2
n(1, i)≡ ω̂2

n(1, i)−{LRn(1, i)/n}2

=
1
n

n

∑
t=1

{
log

fi(Yt |Zt ; θ̂in)

f1(Yt |Zt ; θ̂1n)

}2

(3.8)

for i = 2,3, . . . ,mand

ω2
mn≡

[
ω̂2

n(1,2), ω̂2
n(1,3), . . . , ω̂2

n(1,m)
]′
. (3.9)

UnlessE∗(1, i) = 0, and following from Vuong (1989, Lemma 4.2),̃ω2
n(1, i)s are not strong consistent

estimators of the diagonal elements ofΣLL: Under Assumptions A1 and A2,

ω̃2
n(1, i) a.s.→ E

[
log

fi(Yt |Zt ;θ ∗i )
f1(Yt |Zt ;θ ∗1 )

]2

+
[
E

[
log

fi(Yt |Zt ;θ ∗i )
f1(Yt |Zt ;θ ∗1 )

]]2

.

The following result considers the joint asymptotic distribution ofLRmn andω2
mn. This is a generalization

of Vuong (1989, Theorem 4.3):

Corollary 3.1 (Asymptotic Distribution of the LR Statistics and the Variance Statistics)

(i) Under Assumptions A1 and A2, whenf1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ), i = 2,3, . . . ,m, it holds that as
n→ ∞,

(2LR′mn,nω2
mn
′
)′ d→Mp+m−1,2m−2( · ;A2, . . . ,Am,B2, . . . ,Bm,Σ) (3.10)

whereBi is a (p+m−1)× (p+m−1) matrix defined byBi ≡I ′
iViI i , Ai andI i are given by

Theorem 3.1,Vi is a (p1 + pi)× (p1 + pi) matrix given by

Vi =
[

B∗11 −B∗1i
−B∗i1 B∗ii

]
, i = 2,3, . . . ,m.

(ii) Results in (i) still hold ifω̂2
n(1, i)s in ω2

mn are replaced bỹω2
n(1, i)s.

Remark 3 (Computation of the j.c.d.f. of the LR Statistics and the Variance Statistics)We now
examine the asymptotic j.c.d.f. of(2LRn(1, i), ω̂2

n(1, i))′. It is easy to checkVi = QiI iΣI ′
iQi ,

Bi = AiΣAi , andBiΣ = (AiΣ)2, since these are similar to the results in the proof of Vuong (1989,
Theorem 4.3). LetA i be the firstp× p submatrix ofAi . Then we obtain:

AiΣ =
[
A i 0
0 0

][
Σθθ 0
0 0

]
=

[
A iΣθθ 0

0 0

]
, BiΣ =

[
(A iΣθθ )2 0

0 0

]
, (3.11)

A iΣθθ =




B∗11A
∗−1
1 · · · B∗1mA∗−1

m

−B∗i1A∗−1
1 · · · −B∗imA∗−1

m
0 · · · 0


 , i = 2; =




B∗11A
∗−1
1 · · · B∗1mA∗−1

m
O′

1 · · · O′
m

−B∗i1A∗−1
1 · · · −B∗imA∗−1

m
0 · · · 0


 , i ≥ 3,

whereO j , j = 1,2, . . . ,m, is a p j × (p2 + · · ·+ pi−1) zero matrix. Therefore, the nonzero eigenvalue
of AiΣ, λA, is an eigenvalue ofA iΣθθ . It follows that the nonzero eigenvalues ofAiΣ are nonzero
eigenvalues of:

Wi ≡
[

B∗11A
∗−1
1 B∗1iA

∗−1
i

−B∗i1A∗−1
1 −B∗ii A

∗−1
i

]
, (3.12)
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which is a similar expression to equation (3.6) in Vuong (1989). It follows from Lemma A.1-(ii) that
LRn(1, i) andω̃2

n(1, i) are not generally asymptotically independent. However, we note that an eigenvalue
of t1(AiΣ)+ t2(AiΣ)2 is t1λA + t2λ 2

A from the Frobenius Theorem wheret1, t2 ∈ R. Therefore, we can
easily compute the asymptotic j.c.d.f. of(2LRn(1, i), ω̂2

n(1, i))′ from (2.6) and equation (1) in Shephard
(1991b).

Remark 4 (Independence of{Ui}) Necessary and sufficient conditions for the asymptotic indepen-
dence of the two normalized LR statistics or the variance statistics are obtained from a generalized
Craig–Sakamoto Theorem (see Lemma A.1). It follows that under the conditions given in Theo-
rem 3.1, if f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ) = f j( · | · ;θ ∗i ), LRn(1, i) andLRn(i, j) are asymptotically indepen-
dent if and only ifΣθθ A iΣθθ (A j −A i)Σθθ = 0. Therefore, in general, normalizedLRn(i, j) and
LRn( j,k) for i < j < k are not asymptotically independent. This is different from the standard the-
ory of multiple tests under nested hypotheses when the hypothesized models contain a correct model.
See, e.g., Gourieroux and Monfort (1989, Chapter 19). In addition, by Lemma A.1-(iv) and (v), if
f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ) 6= f j( · | · ;θ ∗j ) for somei 6= j, Ui andU j are uncorrelated, but are not indepen-
dent in general.

4 PORTMANTEAU LIKELIHOOD RATIO TESTS IN MANY COMPETING MOD-
ELS

This section considers testing for equivalence byE∗(1, i), i = 2,3, . . . ,m by using the LR test statis-
tics and variance statistics discussed in the previous section. We also consider the application of an
information criterion:

ICn(i, j)≡ LRn(i, j)− ĉi jn , i < j, (4.1)

whereĉi jn is nonnegative and depends oni, j,n. ĉi jn imposes a penalty to encourage the selection of a
parsimonious model. Candidates ofĉi jn are estimates or nonstochastic numbers such as( j − i) (AIC),
tr{Biin(θ̂in)Ain(θ̂in)−1}− tr{B j jn(θ̂ jn)A jn(θ̂ jn)−1} (TIC), ( j − i) log(n)/2 (SIC), or( j − i)c{log log(n)}
with c> 1 (HQIC), which suggest the choice of the modelFi if ICn(i, j)≤ 0 and the choice of the model
Fj otherwise.

4.1 Testing Hypotheses

We consider the following hypothesis and definitions.

Definition 3 (Hypothesis for Equivalence Test of KLIC) We say that: whenE∗(i, j) > 0, Fj is better
thanFi , whenE∗(i, j) < 0, Fi is better thanFj and whenE∗(i, j) = 0, Fi andFj are equivalent. Then:

H0 : E∗(1,2) = E∗(1,3) = · · ·= E∗(1,m) = 0 (4.2)

meaning thatFi , i = 1,2, . . . ,m, are equivalent, against:

HA : E∗(1, i) 6= 0 for somei = 2,3, . . . ,m, (4.3)

meaning thatF1 andFi are not equivalent, or equivalently,F1 is better or worse thanFi for somei =
2,3, . . . ,m.

This test is useful when we conjecture the competingmmodels are almost equally well fitted.
We also consider the following hypothesis and definitions.

Definition 4 (Hypothesis for Equivalence Test offi( · | · ;θ ∗i )s) Let ω2∗ (1, i) be (i−1)th diagonal ele-
ment ofΣLL for i = 2,3, . . . ,m, whereΣLL is given in Lemma 3.1. Then:

Hω
0 : ω2

∗ (1,2) = ω2
∗ (1,3) = · · ·= ω2

∗ (1,m) = 0 (4.4)
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meaning thatfi( · | · ;θ ∗i ), i = 1,2, . . . ,m, are equivalent, against

Hω
A : ω2

∗ (1, i) 6= 0 for somei = 2,3, . . . ,m, (4.5)

meaning thatf1( · | · ;θ ∗1 ) 6= fi( · | · ;θ ∗i ) for somei = 2,3, . . . ,m.

We note that, given Assumptions A1 and A2,Hω
0 is equivalent tofi( · | · ;θ ∗i ) = f j( · | · ;θ ∗j ) for anyi, j by

Vuong (1989, Lemma 4.1). Also, testingHω
0 is equivalent to testingΣLL = 0 or testingtrΣLL = 0.

4.2 Nested Models

We now consider the case of a nested structure. We propose two tests for model selection based on the
LR test and variance test statistics.

First, we provide a formal definition of the nested model given by Vuong (1989, Definition 4):

Definition 5 (Nested Models)mconditional modelsFi , i = 1,2, . . . ,m, are nested if and only if:

Fi ⊂ Fi+1 for i = 1,2, . . . ,m−1. (4.6)

Similarly to Vuong (1989, Assumption A8), we assume:

Assumption A3 There existsC2-functionφi j ( ·) from Θi to Θ j such that for anyθi ∈Θi :

fi( · | · ;θi) = f j( · | · ;φi j (θi)) (4.7)

for (νY×H0
Z)— almost any(y,z) andi < j .

The following lemma is due to Vuong (1989, Lemma 7.1):

Lemma 4.1 (Vuong (1989, Lemma 7.1))Given Assumptions A1-(ii), A2-(i), A2-(ii) and A3, the follow-
ing statements are equivalent: for anyi < j ,

(i) θ ∗j = φi j (θ ∗i ),

(ii) θ ∗j ∈ φi j (Θi),

(iii) E[log fi(Yt |Zt ;θ ∗i )] = E[log f j(Yt |Zt ;θ ∗j )],

(iv) fi( · | · ;θ ∗i ) = f j( · | · ;θ ∗j ).

Lemma 4.1 shows that the hypothesis for the KLIC equivalence test in Definition 3 coincides with
the hypothesis for the equivalence test offi( · | · ;θ ∗i )s in Definition 4. Also, following from Vuong

(1989, Section 7), hypothesisH0 againstHA are equivalent to the hypothesisH(1)
0 againstH(1)

A , which
are defined as follows:

Definition 6 (Hypothesis for Test of the Best Model among Nested Models)We say that for the
nested modelsFj , j = i, i + 1, . . . ,m, when E∗(i, j) = 0 for any j = i + 1, i + 2, . . . ,m and some
i = 1,2, . . . ,m−1, Fi is the best model amongFj , j = i, i +1, . . . ,m.

Given Assumptions A1-(ii), A2-(i), A2-(ii) and A3, for the nested modelsFj for any j = i, i+1, . . . ,m
and somei = 1,2, . . . ,m−1,

H(i)
0 : θ ∗m∈ φim(Θi), (4.8)

meaning thatFi is the best model amongFj , j = i, i + 1, . . . ,m from the stand point of KLIC and the
principle of parsimony, against:

H(i)
A : θ ∗m /∈ φim(Θi) and

m⋃

j=i+1

H( j)
0 , (4.9)

meaning thatFi is not best amongFj , j = i, i + 1, . . . ,m, or equivalently,Fi is worse than someFj ,

j = i, i +1, . . . ,m, whereH(m)
0 denotesθ ∗m∈Θm.
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As argued in Vuong (1989, Section 7), this test provides a diagnosis that the smaller model is equiv-
alent or worse than the larger model becauseE∗(i, j) are nonnegative for anyi < j under Assumption

A3. If H(i)
0 is true,H( j)

0 s, j > i are also true andFi is a suitable model from the principle of parsimony:
thus,Fi is the best model among the larger models. In other words, this test is a new goodness-of-fit test
among nested and possibly incorrect models.

For simplicity, we only discuss the case ofH(1)
0 againstH(1)

A . However, the following arguments

readily apply to the case ofH(i)
0 againstH(i)

A , 1 < i < m.
From Corollary 3.1-(i) and Vuong (1989, Section 7),2LRmn converges to a multivariate weighted

sum of chi-square distributions underH0. However, calculation of the rejection region of allLRn(1, i)
statistics,i = 2,3, . . . ,mentails computational cost when the value ofm is large. However, bothLRn(1, i)
and E∗(1, i) are nonnegative andLRn(1, i) takes large values whenE∗(1, i) > 0, as in Vuong (1989,
Lemma 3.1). Therefore, we propose a sum of likelihood ratio (SLR) statistic:

SLRmn≡ 2
m

∑
i=2

LRn(1, i) (4.10)

for testingH0.
We have two interpretations on the use of this statistic.
First, we note thatH0 indicates testing for the goodness-of-fit test ofF1 in terms of the KLIC under

the Definition 3 becauseH0 meansH(1)
0 by Lemma 4.1. It follows that testingH0 by SLRmn is a new

portmanteau test among nested and possibly misspecified models. In time series analysis, the portman-
teau test statistic is known as a goodness-of-fit test statistic and is defined by the sum of squares of the
first m residual autocorrelations,̂ρi , i = 1,2, . . . ,m. Box & Pierce (1970) first presented this statistic,
which is supposed to behave as the sum of squares of the firstm sample autocorrelations of the white
noise process:ρi , i = 1,2, . . . ,m. Namely, the supposed model is assumed to be correctly specified and
ρ̂i − ρi

p→ 0 under the null hypothesis. It is also known that(ρ̂1, ρ̂2, . . . , ρ̂m)′ is a vector of Lagrange
multipliers by a test for the null hypothesis that the disturbances are independent and the alternative
hypothesis is that they are anmth order autoregressive (or moving-average) model. See, e.g., Godfrey
(1991, Sections 3.5 and 4.4). While we consider the model selection problem where the models are not
always correctly specified, we haveLRn(1, i)/n

a.s.→ E∗(1, i) from Vuong (1989, Lemma 3.1). Now, we
supposeE∗(1, i) = 0 in place ofρi = op(1) and use the sum ofLRn(1, i)s in place of the sum of squared
ρ̂is.

The second interpretation is a generalization of Hosoya’s GLR test. See Hosoya (1984, 1986, 1989).
The framework of Hosoya’s GLR test assumes that the nested models are correctly specified and reject
the null model whenLRn(1, i) > ci for someci > 0 and i = 2,3, . . . ,m. Hosoya’s analysis also reveals
that the GLR test is more powerful than the standard LR test and presents a few numerical integration
methods to save computational cost. Hosoya (1989, Section 4) provides some illustrations of the GLR
tests. However, the joint probability of many{LRn(1, i) > ci}s requires substantial computational cost.
Unfortunately, our procedure cannot use Hosoya’s numerical integration methods because we assume
that the models are not correctly specified andLRn(1, i) and LRn(i, j), i < j, are not asymptotically
independent from Remark 4. However, the portmanteau statistic (4.10) overcomes this difficulty.

The asymptotic distribution ofSLRmn is given by the following result:

Theorem 4.1 (Asymptotic Distribution of the SLR Test Statistics)Given Assumptions A1, A2 and
A3:

(i) UnderH(1)
0 , it holds that, asn→ ∞,

SLRmn
d→Mpm( · ;λSLR), (4.11)

whereλSLR is the vector ofpm nonnegative eigenvalues ofΣSLR≡ ∑m
i=2Wi ; Wi , i = 2,3, . . . ,m, is

pm× pm matrix defined by

Wi = B∗mmψ∗
mi(ψ∗

i1A∗−1
1 ψ∗

1i−A∗−1
i )ψ∗

im; (4.12)
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andψ∗
i j = ψi j (θ ∗i )≡ ∇θ ∗i φ ′i j (θ ∗i ), ψ∗

ji ≡ ψ∗
i j
′ for i < j andψ∗

ii ≡ Ipi for i = 1,2, . . . ,m.

(ii) Under H(1)
A , SLRmn

d→ ∞, asn→ ∞.

This test is one-sided. It is carried out by computing the eigenvalue of the sample analog ofΣSLR.
As noted in White (1982) and Vuong (1989), if the information matrix equivalence holds for the

larger model, one has the following corollary as a generalization of Vuong (1989, Corollary 7.3).

Corollary 4.1 (Asymptotic Distribution of the SLR Test Statistics GivenA∗m+B∗mm= 0) Given As-
sumptions A1, A2 and A3 withpi < p j for i < j , suppose thatA∗m+B∗mm= 0:

(i) Under H(1)
0 , it holds that, asn→ ∞, LRn(1, i) and LRn(i, j), 1 < i < j ≤ m, are asymptotically

independent and

SLRmn
d→

m

∑
i=2

(
pi

∑
j=p1+1

Z 2
j

)
, (4.13)

where{Z j} is i.i.d. N (0,1).

(ii) Under H(1)
A , SLRmn

d→ ∞, asn→ ∞.

From White (1982, Theorem 3.3), the information matrix equivalenceA∗m+B∗mm= 0 holds if all models
are correctly specified. It follows that the results in Corollary 4.1 are also derived from those of Hosoya’s
(1984, 1986, 1989) GLR test.

As argued in Vuong (1989, Section 7), from Lemma 4.1,Hω
0 andH0 are equivalent. Hence, the

variance test statisticŝω2
n(1, i)s or ω̃2

n(1, i)s are also useful for testingH0. We consider the sum of
variance (SV) test statistic as a new test statistic:

SVmn≡ n
m

∑
i=2

ω̂2
n(1, i). (4.14)

SinceSVmn/n
a.s.→ trΣLL, one interpretation of the SV test statistic is testing fortrΣLL = 0, which is an

equivalent test ofHω
0 . The asymptotic distribution ofSVmn is given by the following:

Theorem 4.2 (Asymptotic Distribution of the SV Test Statistics)Given Assumptions A1 and A2:

(i) UnderHω
0 , it holds that, asn→ ∞,

SVmn
d→Mp( · ;λSV), (4.15)

whereλSV is the vector ofp nonnegative eigenvalues ofΣSVΣθθ = ∑m
i=2(A iΣθθ )2 and

ΣSV =




(m−1)B∗11 −B∗12 −B∗13 · · · −B∗1m
−B∗21 B∗22 0 · · · 0

−B∗31 0 B∗33
...

...
...

...
... ... 0

−B∗m1 0 · · · 0 B∗mm




. (4.16)

(ii) Under Hω
A , SVmn

d→ ∞, asn→ ∞.

(iii) The results in (i) and (ii) still hold ifω̂2
n(1, i)s inSVmn are replaced bỹω2

n(1, i)s.
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This test is also one-sided, carried out by computing the eigenvalue of the sample analog ofΣSVΣθθ .
Computation ofλSV may require more computational cost thanλSLR because the corresponding matrix
is of a higher dimension.

We note that this theorem holds without definition and assumptions concerning the nested models
because it is based on Corollary 3.1. Put differently, a remarkable feature of the SV test statistic is that
its asymptotic properties are independent of the model structure.

If all models are correctly specified, then the limiting distribution reduces to the same distribution
as the SLR statistic given in Corollary 4.1. The following corollary is a generalization of Vuong (1989,
Corollary 7.5):

Corollary 4.2 (Asymptotic Distribution of the SV Test Statistics GivenA∗m+B∗mm= 0) Given
Assumptions A1 and A2 withpi < p j for i < j , suppose thatA∗m+B∗mm= 0:

(i) UnderHω
0 , it holds that, asn→ ∞,

SVmn
d→

m

∑
i=2

(
pi

∑
j=p1+1

Z 2
j

)
, (4.17)

where{Z j} is i.i.d. N (0,1).

(ii) Under Hω
A , SVmn

d→ ∞, asn→ ∞.

(iii) The results in (i) and (ii) still hold ifω̂2
n(1, i)s inSVmn are replaced bỹω2

n(1, i)s.

Corollaries 7.3 and 7.5 of Vuong (1989) examine the case ofm= 2 and show that if the larger model
is correctly specified, both the LR test statistic and the variance test statistic converge to a common chi-
squared distribution underH0. Corollaries 4.1 and 4.2 herein show that both the SLR test statistic and
the SV test statistic converge to a common sum of the chi-squared distributions form> 2.

We have a few remarks, as follows.

Remark 5 (Moments of Asymptotic Distribution of the SLR statistics and the SV statistics)We
now examine the asymptotic mean and variance ofSLRmn and SVmn under the null hypothesis. Let
AE[ · ] and AVAR [ · ] denote the mean and variance of the asymptotic distribution, respectively, and
let ιk be ak-vector defined byιk ≡ (1,1, . . . ,1)′. Then, from Lemma 2.1, Remark 3, Lemma A.1-(v),
asymptotic mean and variance ofSLRmn andSVmn are as follows:

(i) Under the conditions in Theorem 4.1,AE[SLRmn] = tr(∑m
i=2A iΣθθ ) = ∑m

i=2 tr(Wi) = ι ′pm
λSLRand

AVAR [SLRmn] = 2tr{(∑m
i=2A iΣθθ )2}= 2λ ′SLRλSLR.

(ii) Under the conditions in Theorem 4.2,AE[SVmn] = tr{∑m
i=2(A iΣθθ )2}= ι ′pλSV andAVAR [SVmn] =

2tr[{∑m
i=2(A iΣθθ )2}2] = 2λ ′SVλSV.

(iii) Under the conditions in Corollary 4.1,AE[SLRmn] = AE[SVmn] = ∑m
i=2 tr(Wi) = ∑m

i=2(pi− p1) and
AVAR [SLRmn] = AVAR [SVmn] = 2∑m

i=2(m− i +1)2(pi+1− pi), where the last equality is follows
from (A.15).

Therefore, the eigenvaluesλSLRandλSV play an important role in the stability of the asymptotic distri-
bution ofSLRmn andSVmn.

Remark 6 (An Interpretation of the Information Criterion) We discuss an application of the LR test
and the SLR test from the information criterion given in (4.1). Selection of modelF1 by the information
criterion is given byICn(1, i)≤ 0 for all i > 1. Whenĉ1in

p→ c1i < ∞, under the assumptions in Theorem
4.1-(i), the probability of the selection of modelF1 by the information criterion is given by:

Pr(ICn(1, i)≤ 0, i = 2,3, . . . ,m) = Pr(2LRn(1, i)≤ 2ĉ1in, i = 2,3, . . . ,m)
→Mp+m−1,m−1(2c12, . . . ,2c1m;A2, . . . ,Am,Σ) (4.18)
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from Corollary 3.1-(i). This probability is less than:

Pr

(
m

∑
i=2

ICn(1, i)≤ 0

)
= Pr

(
SLRmn≤ 2

m

∑
i=2

ĉ1in

)

→Mpm

(
2

m

∑
i=2

c1i ; λSLR

)
(4.19)

from Theorem 4.1-(i). While, by Lemma A.1-(v) and Lemma A.2,

AE[2LRmn] =
[
tr(B∗11A

∗−1
1 )− tr(B∗22A

∗−1
2 ), . . . , tr(B∗11A

∗−1
1 )− tr(B∗mmA∗−1

m )
]′

(4.20)

andAE[SLRmn] = trΣSLR=
m

∑
i=2

{
tr(B∗11A

∗−1
1 )− tr(B∗ii A

∗−1
i )

}
. (4.21)

Therefore, when we choose the TIC penalty asĉ1in, the asymptotic critical values given in (4.18) and
(4.19) equal2AE[2LRmn] and2AE[SLRmn], respectively. In addition, whenA∗i +B∗ii = 0, AE[2LRmn] =
AE[nω2

mn] = (p2− p1, . . . , pm− p1)′ and AE[SLRmn] = AE[SVmn] = ∑m
i=2(pi − p1). Therefore, when

we choose the AIC penalty aŝc1i , the asymptotic critical values given in (4.18) and (4.19) equal
2AE[2LRmn] = 2AE[nω2

mn] and 2AE[SLRmn] = 2AE[SVmn], respectively. This interpretation is also
applicable to Vuong (1989, Theorem 7.2 and Corollaries 7.3 and 7.5).

Remark 7 (Confidence Sets)In the case where there are several competing hypothesesH(i)
0 ,

i = 1,2, . . . ,m, following Hosoya (1984, Section 3; 1989, Section 4), we can establish the confidence
set for the best model as follows: LetÎm denote the set of indices whereH(i)

0 , i = 1,2, . . . ,m, are
not rejected by the SLR test or the SV test at significance levelα ∈ (0,1). Let îm denote the low-

est integer in̂Im. Namely, Îm ⊂ {1,2, . . . . ,m} and îm = min Îm. Suppose thatH(i∗m)
0 is true. Since

Pr(̂im > i∗m|H(i∗m)
0 )≤ Pr(i∗m is rejected|H(i∗m)

0 ) = α, we obtain:

Pr(̂im≤ i∗m≤m|H(i∗m)
0 )≥ 1−α for 1≤ i∗m≤m. (4.22)

Therefore, the100(1−α)% confidence set of the model index is{ i | îm≤ i ≤m, i ∈ N}.

4.3 Strictly Nonnested Models

We consider the case where the modelsFis are strictly nonnested. The following definition is from
Vuong (1989, Section 5).

Definition 7 (Strictly Nonnested Models) m conditional modelsFi , i = 1,2, . . . ,m, are strictly
nonnested if and only if:

Fi ∩Fj = φ for any i 6= j. (4.23)

As Vuong (1989, Section 5) noted, when the competing models are strictly nonnested, all models must
be misspecified under our null hypothesisH0.

From Theorem 3.1 and Vuong (1989, Section 5),n−1/2LRmn converges to a multivariate normal
distribution underH0. However, calculation of the rejection region of all normalizedLRn(1, i) statistics,
i = 2,3, . . . ,m entails computational cost when the value ofm is large. Therefore, we propose a sum of
squared likelihood ratio (SSLR) statistic:

SSLRmn≡ 1
n

m

∑
i=2

LR2
n(1, i) (4.24)

for testingH0.
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Theorem 4.3 (Asymptotic Distribution of the SSLR Statistics)Given Assumptions A1 and A2, ifFi ,
i = 1,2, . . . ,mare strictly nonnested, then we obtain asn→ ∞:

(i) UnderH0,

n−1/2LRmn
d→Nm−1(0,ΣLL), (4.25)

andSSLRmn
d→Mm−1( · ;λLL), (4.26)

whereλLL is the vector of nonnegative eigenvalues ofΣLL. In addition, ifΣLL is nonsingular,

Qmn≡ LR′mnΣLLn(θ̂n)−1LRmn
/

n
d→ χ2(m−1), (4.27)

whereΣLLn(θ̂n) = [σLL
i jn(θ̂in, θ̂ jn)] andσLL

i jn(θ̂in, θ̂ jn), i, j = 1,2, . . . ,m−1, is given by(3.5).

(ii) Under HA, SSLRmn
d→ ∞. In addition, ifΣLL is nonsingular,Qmn

d→ ∞.

(iii) If ĉ1in = op(n1/2) whereĉ1in is defined in(4.1), properties (i) and (ii) still hold ifLRn(1, i) in LRmn

is replaced byICn(1, i), i = 2,3, . . . ,m.

The test withSSLRmn and Qmn is one-sided. The test withSSLRmn is conducted by computing the
eigenvalues ofΣLLn(θ̂n), which is a consistent estimator of the eigenvalues ofΣLL.

4.4 Overlapping Models

We consider the case where the modelsFi andFj are all overlapping. The following definition is due to
Vuong (1989, Section 6).

Definition 8 (Overlapping Models) m conditional modelsFi , i = 1,2, . . . ,m, are overlapping if and
only if

Fi ∩Fj 6= φ , (4.28)

Fi * Fj andFi + Fj (4.29)

for any i 6= j.

Condition (4.28) says thatFi andFj have some common conditional distributions forYt givenZt for
H0

Z for almost allz, while condition (4.29) states that neither model is nested in the other.
However, as discussed in Vuong (1989, Section 6), we cannot establish a direct method byLRmn to

testH0 because we cannot discriminate whetherf1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ).
Nevertheless, we can use Theorem 4.2 to testHω

0 for overlapping models and the following:

Corollary 4.3 (Asymptotic Distribution of the SSLR statistics) Given Assumptions A1 and A2,

(i) UnderH0−Hω
0 , n−1/2LRmn 6= op(1), (4.25)and(4.26)hold.

(ii) Under HA, SSLRmn
d→ ∞.

(iii) If ĉ1in = op(n1/2) whereĉ1in is defined in(4.1), properties (i) and (ii) still hold ifLRn(1, i) in LRmn

and(4.24)is replaced byICn(1, i), i = 2,3, . . . ,m.

Both tests are one-sided and conducted by the arguments discussed below in Theorems 4.2 and 4.3.
Part (i) of Corollary 4.3 utilizes Lemma 3.1. When at least one pair of the models satisfies

f1( · | · ;θ ∗1 ) 6= fi( · | · ;θ ∗i ), n−1/2LRmn converges to a nondegenerate normal distribution with mean zero
and varianceΣLL, which is possibly singular. Because of this, even though we do not possess concrete
information aboutΣLL and a set of models that satisfiesf1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ), we can conduct the
H0−Hω

0 test by usingSSLRmn, which reflects information aboutΣLL.
As a result, we adopt Vuong’s (1989, Section 6) sequential procedure for testingH0:
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(i) TestHω
0 againstHω

A by usingSVmn. If Hω
0 is not rejected, we conclude that we acceptHω

0 andH0.

(ii) If Hω
0 is rejected, testH0−Hω

0 againstH1 by usingSSLRmn. If H0−Hω
0 is not rejected, we accept

H0. If H0−Hω
0 is rejected, we concludeHA.

This sequential procedure has a significance level asymptotically bounded above by the maximum of
the asymptotic significance levelα1 andα2 used for the SV test and SSLR test. This is because similarly
to Vuong (1989, Section 6),

Pr(H0 rejected|H0)≤max{Pr(SVmn > c1 |Hω
0 ),Pr(SSLRmn > c2 |H0−Hω

0 )}
→max(α1,α2) (4.30)

for somec1,c2 > 0. Therefore, ifαi = α ∈ (0,1), i = 1,2, the significance level of the procedure, as a
test ofH0, is asymptotically no larger thanα.

Among the nested or overlapping models, ifHω
0 is true, a common set of the modelsG≡ ⋂m

i=1Fi is
a suitable model from the principle of parsimony. This is proven by the following corollary of Lemma
4.1:

Corollary 4.4 (Corollary of Lemma 4.1) Suppose thatm conditional models are nested or overlap-
ping such thatFi ∩Fj 6= φ , i = 1,2, . . . ,m. Let:

G≡
m⋂

i=1

Fi = {GY|Z( · | · ;γ);γ ∈ Γ⊂ Rq},

whereq≤ p1 and the conditional distributionGY|Z( · |z;γ) has a Radon–Nikodym densityg( · |z;γ) rela-
tive toνY. Letγ∗ ∈ Γ be a pseudo-true value ofγ for the conditional modelG. Assume that there exists
C2-functionπi( ·) fromΓ to Θi such that for anyγ ∈ Γ: g( · | · ;γ) = fi( · | · ;πi(γ)) for (νY×H0

Z)— almost
any (y,z) and i = 1,2, . . . ,m. Given Assumptions A1-(ii), A2-(i), A2-(ii), and similar assumptions that
are made onG, the following statements are equivalent:

(i) θ ∗i = πi(γ∗),

(ii) θ ∗i ∈ πi(Γ),

(iii) E[logg(Yt |Zt ;γ∗)] = E[log fi(Yt |Zt ;θ ∗i )],

(iv) g( · | · ;γ∗) = fi( · | · ;θ ∗i ),

(v) Hω
0

for anyi = 1,2, . . . ,m.

SinceG⊂ Fi , E[logg(Yt |Zt ;γ∗)]≤ E[log fi(Yt |Zt ;θ ∗i )] for any i = 1,2, . . . ,m. HoweverHω
0 is equivalent

to Corollary 4.4-(iii). Therefore, and similarly to Section 4.2, hypothesisHω
0 againstHω

A is equivalent to
hypothesis Corollary 4.4-(iii) againstE[logg(Yt |Zt ;γ∗)] < E[log fi(Yt |Zt ;θ ∗i )] for somei, which provides
a diagnosis whether a common set of the models is the best model among larger models.

As Vuong (1989, p.322) pointed out, when at least one model is correctly specified, we haveH0 =
Hω

0 and directly construct a model selection test based on the SV statistics from Theorem 4.2 or the SLR
statistics from the following corollary:

Corollary 4.5 (Asymptotic Distribution of the SLR Statistics when a Model is Correctly Specified)
Given Assumptions A1 and A2, ifFi , i = 1,2, . . . ,m, are overlapping and at least one model is correctly
specified, then:
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(i) UnderH0,

SLRmn
d→Mp( · ;λAΣ) (4.31)

whereλAΣ is the vector ofp eigenvalue of∑m
i=2A iΣθθ .

(ii) Under HA, if the modelF1 is correctly specified,SLRmn
d→ −∞.

(iii) Under HA, if the modelFi is correctly specified for somei = 2,3, . . . ,m, SLRmn
d→ ∞.

This test is two-sided and conducted similarly to the arguments in Vuong (1989, p.322). A matrix
∑m

i=2A i is given by (A.11). However, we note that when the models are misspecified, underH0−Hω
0 ,

the SV statistics and the SLR statistics diverge from Theorem 4.2-(ii) and Corollary 4.3-(i). In this
case, when the researcher wrongly decides that at least one model is correctly specified, both the SV
statistics and the SLR statistics are frequently rejected: this is contrary to (4.15) and (4.31), respectively.
Therefore, we should not use these direct tests without strong evidence about the DGP.

4.5 Mixed Structure Models and Summary of Methodology

We finally consider the case where the models are partially nested, strictly nonnested, or overlapping as
based on the concepts developed in this section.

Sections 4.2, 4.3 and 4.4 consider that all models are nested, strictly nonnested, or overlapping.
However, cases exist of mixed models such that some models are strictly nonnested and other models
are nested. It is often complicated to analyze separately all types of models for the multiple tests with
individual LR tests. In addition, the asymptotic j.c.d.f. of individual LR statistics calls for substan-
tial computational cost. Therefore, it is practically impossible to evaluate the significance level of the
multiple tests with individual LR tests.

Unexpectedly, our methods are easy to conduct by combining the results found previously. To
proceed, we assume that Assumptions A1 and A2. We also assume Assumption A3 for nested models.

Then, the testH0 cases in mixed structure models (whether at least one pair of models is strictly
nonnested): First case. At least one pair of models is strictly nonnested: We can directly conduct testH0

by usingSSLRmn as in Section 4.3. This is becauseHω
A is true,n−1/2LRmn andSSLRmn are bothOp(1)

from Lemma 3.1 andΣLL 6= 0. Second case. The other mixed cases are where some models are nested
and some models are overlapping. Here, and based on Theorem 4.2 and Corollary 4.3, we conduct the
sequential procedure discussed in Section 4.4. The significance level of this test is given by (4.30).

In summary, our unified procedure for testingH0 againstHA is as follows:

(i) All models are nested: we conduct the test forH0 usingSLRmn or SVmn. We can interpret testH0 as
a test for the best model among the nested models. In addition, this test establishes the confidence
set of the index of the model that possesses the best model from the standpoint of KLIC. See
Section 4.2.

(ii) At least one pair of models is strictly nonnested: we conduct a test forH0 usingSSLRmn. See
Section 4.3.

(iii) For the remaining cases, such as where some models are nested and some are overlapping: we
conduct a sequential test thatHω

0 usingSVmn before conducting a hypothesis testH0 usingSSLRmn.
We can interpret testHω

0 as a diagnosis for a common set of the models among larger models. See
Section 4.4.

In each case, our procedure only requires computable matrix operation and, at most, one-dimensional
numerical integration to evaluate the probabilities, such as the significance levels andp-values. Remark
1 provides references for the accurate or approximate method to compute these probabilities.
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5 CONCLUSION

In this paper, we propose a unified approach to test whether competing models are equally close to
the true DGP from the standpoint of KLIC, where the models are (partially) nested, strictly nonnested,
and/or overlapping. Our proposed test is based on the sum of (squared) LR test statistic: this comprises
an extension of Vuong (1989) to the multivariate case. This test is workable under many competing
models because it overcomes the problems of complicated model structures and computational cost
associated with higher dimensional numerical integration. This test is useful where several functional
forms and exogenous variables provide the candidate models.

Finally, we leave some remaining problems for future research: (i) Our framework only considers
that the DGP is i.i.d. from Assumption A1-(i) similarly to Vuong (1989). As argued in Section 1, many
studies have extended Vuong’s (1989) results to various cases. For example, it is important to relax
Assumption A1-(i) for the dependent data as in Domowitz and White (1982), Rivers and Vuong (2002),
Sin and White (1996) and White (1994). (ii) Except for the case of a nested structure, we cannot establish
a test of the best model with the information criterion. LetFiIC be a model selected by the information
criterion. Then in our notation,H IC

0 : E∗(h, iIC) ≥ 0 for anyh < iIC andE∗(iIC, j) ≤ 0 for any j > iIC,
againstH IC

A : E∗(h, iIC) < 0 for someh < iIC or E∗(iIC, j) > 0 for some j > iIC. SinceHω
0 ⊂ H0 ⊂ H IC

0 ,
when Hω

0 or H0 is not rejected, we conclude thatH IC
0 is not rejected; and whenH0 is rejected, we

have to doubtH IC
0 and conduct another test such asH IC

0 −H0 againstH IC
A . Relating to this problem,

(iii) Except in the case of a nested structure, we cannot use the principle of parsimony. Therefore, we
cannot propose an appropriate principle to proceed the model selection process whenH0 is accepted.
For example, the modelF1 is not always the best model to interpret and analyze when it is a nonlinear
function ofθ1. Further, even ifp2 is larger thanp1, if the modelF2 is a linear regression model it would
be more tractable thanF1. Though it may depend on the researcher’s arbitrariness, some will wish for a
logical principle for mixed structure models.
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APPENDIX

Except when explicitly mentioned, letfti(θ ∗i ) ≡ fi(Yt |Zt ;θ ∗i ) and LR∗n(i, j) ≡ L( j)
n (θ ∗j )− L(i)

n (θ ∗i ) =

∑n
t=1 log{ ft j(θ ∗j )/ fti(θ ∗i )}, i, j = 1,2, . . . ,m. Xn

a= Yn denotesXn−Yn = op(1), asn→ ∞, whereXn

andYn are appropriate dimensional random matrices.

Proof of Lemma 3.1: From the proof of Vuong (1989, Lemma A and Theorem 3.3), we obtain:

√
n(θ̂in−θ ∗i ) a= −A∗−1

i n−1/2∇θ ∗i L(i)
n (θ ∗i ), (A.1)

andLRn(1, i) = LR∗n(1, i)+Op(1), i = 1,2, . . . ,m. (A.2)
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When f1( · | · ;θ ∗1 ) 6= fi( · | · ;θ ∗i ) for all i 6= 1, following from equation (A.9) of Vuong (1989), (A.1),
(A.2) and the multivariate Central Limit Theorem (see, e.g., Rao (2002, Section 2c.5)), we obtain

Ûn
a=

1√
n

n

∑
t=1

[
−A∗−1

1 ∇θ ∗1 log ft1(θ ∗1 ),−A∗−1
2 ∇θ ∗2 log ft2(θ ∗2 ), . . . ,−A∗−1

m ∇θ ∗m log ftm(θ ∗m),

log
ft2(θ ∗2 )
ft1(θ ∗1 )

−E∗(1,2), log
ft3(θ ∗3 )
ft1(θ ∗1 )

−E∗(1,3), . . . , log
ftm(θ ∗m)
ft1(θ ∗1 )

−E∗(1,m)

]′

d→U . (A.3)

If f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i ) for somei > 1, thenLR∗n(1, i) = log{ fti(θ ∗i )/ ft1(θ ∗1 )} = E∗(1, i) = 0, and
LRn(1, i) = op(n1/2) from Vuong (1989, Lemma 3.1). Therefore,(m+ i)th element ofU and corre-
sponding elements ofΣ are zero, which proves the lemma. Q.E.D.

We prove the following lemma where (ii)–(iv) are due to a generalized Craig–Sakamoto Theorem
(see, e.g., Provost (1996)):

Lemma A.1 (Linear and Quadratic Forms of Normal Variables) Let Un and U be p-dimensional

random vectors such thatUn
d→U as n→ ∞, U ∼ Np(0,Σ), rank(Σ) ≤ p, and letAi be a p× p real

symmetric matrix,b j be ap-dimensional real vector,i = 1,2, . . . , r and j = 1,2, . . . ,s. Then the following
holds:

(i) It holds that, asn→ ∞,

(U ′
nA1Un,U

′
nA2Un, . . . ,U

′
nArUn,b

′
1Un,b

′
2Un, . . . ,b

′
sUn)′

d→ (U ′A1U ,U ′A2U , . . . ,U ′ArU ,b′1U ,b′2U , . . . ,b′sU)′.

(ii) U ′AiU andU ′A jU, i 6= j , are independently distributed if and only ifΣAiΣA jΣ = 0.

(iii) b′iU andb′jU, i 6= j , are independently distributed if and only ifb′iΣb j = 0.

(iv) U ′AiU andb′jU are independently distributed if and only ifΣAiΣb j = 0.

(v) E[U ′AiU ] = trAiΣ, Cov[U ′AiU ,U ′A jU ] = 2tr(AiΣA jΣ), Cov[b′iU ,b′jU ] = b′iΣb j and
Cov[U ′AiU ,b′jU ] = 0.

Proof. First, we shall prove (i). Lett = (t1, t2, . . . , tr)′ andu = (u1,u2, . . . ,us)′ be real vectors, and let
A = ∑r

i=1 tiAi andb = ∑s
i=1uibi . Then, we obtain, asn→ ∞,

r

∑
i=1

tiU
′
nAiUn +

s

∑
i=1

uib
′
iUn = U ′

nAUn +b′Un

d→U ′AU +b′U

=
r

∑
i=1

tiU
′AiU +

s

∑
i=1

uib
′
iU ,

where the convergence follows from Serfling (1980, Section 1.7) since∇U (U ′AU +b′U) = 2AU +b. It
follows Part (i) from Craḿer–Wold device. The results in Part (v) are well known. See, e.g., Hocking
(1996, Corollary 2.3). The remainder of the proof is obvious from, e.g., Provost (1996, Section 3).

Q.E.D.

18



Proof of Theorem 3.1: From equation (A.7) of Vuong (1989), we obtain:

LRn(1, i) = LR∗n(1, i)+ θ̂ ∗
′

in Qi θ̂ ∗in/2+op(1) (A.4)

for i = 2,3, . . . ,m, where

θ̂ ∗in ≡
√

n

[
θ̂1n−θ ∗1
θ̂in−θ ∗i

]
= I iÛn. (A.5)

It follows that

θ̂ ∗
′

in Qi θ̂ ∗in = Ûn
′
AiÛn (A.6)

and

din{LRn(1, i)/n−E∗(1, i)} a= din{LR∗n(1, i)/n−E∗(1, i)}+dinθ̂ ∗
′

in Qi θ̂ ∗in/2n

a=

{
Ûn

′
AiÛn if f1( · | · ;θ ∗1 ) = fi( · | · ;θ ∗i )

b′iÛn if f1( · | · ;θ ∗1 ) 6= fi( · | · ;θ ∗i ).
(A.7)

Therefore, the desired result follows from Lemma 3.1 and Lemma A.1-(i). Q.E.D.

Proof of Corollary 3.1: From the proof of Vuong (1989, Theorem 4.3) and (A.5), we obtain:

nω̂2
n(1, i) a= nω̃2

n(1, i) a= θ̂ ∗
′

inVi θ̂ ∗in
d→U ′BiU . (A.8)

Hence, we obtain the result from (A.7) and Lemma A.1-(i). Q.E.D.

The following lemma is due to Vuong (1989, Lemma B):

Lemma A.2 (Vuong (1989, Lemma B))Given Assumptions A1-(ii), A2 and A3, we have underH(1)
0 ,

for anyi < j < k,

(i) A∗i = ψ∗
i j A

∗
j ψ∗

ji andB∗ii = ψ∗
i j B

∗
j j ψ∗

ji .

(ii) B∗i j = ψ∗
i j B

∗
j j andB∗ji = B∗j j ψ∗

ji .

(iii) rankψ∗
i j = pi .

(iv) ψ∗
ik = ψ∗

i j ψ∗
jk andψ∗

ki = ψ∗
k jψ

∗
ji .

Proof. Parts (i)–(iii) are due to Vuong (1989, Lemma B). Part (iv) follows from the chain rule ofψ∗
ik =

ψ∗
i j ◦ψ∗

jk. See, e.g., Magnus and Neudecker (1999). Q.E.D.

Proof of Theorem 4.1: We shall only prove Part (i) as Part (ii) is obvious from Vuong (1989, Theorem
7.2 (ii)). From Theorem 3.1, we obtain:

2LRmn
d→Mp+m−1,m−1( · ;A2, . . . ,Am,Σ) (A.9)

andSLRmn
d→U ′

m

∑
i=2

AiU. (A.10)
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Therefore, similarly to the proof of Theorem 7.2 (i) of Vuong (1989), we show that the nonzero eigen-
values of∑m

i=2AiΣ are the nonzero eigenvalues ofΣSLR. Since:

m

∑
i=2

AiΣ =
[
A Σθθ 0

0 0

]
, whereA =

m

∑
i=2

A i =




m′A∗1
−A∗2 0

0 ...
−A∗m


 (A.11)

andm′ = m−1, using Lemma A.2, the eigenvalues of∑m
i=2AiΣ solve:

0 = det(A Σθθ −λ Ip)

= det




m′ψ∗
1mB∗mmψ∗

m1A∗−1
1 −λ Ip1 m′ψ∗

12B
∗
22A

∗−1
2 · · · m′ψ∗

1mB∗mmA∗−1
m

−B∗22ψ∗
21A

∗−1
1 −B∗22A

∗−1
2 −λ Ip2 · · · −ψ∗

2mB∗mmA∗−1
m

−B∗33ψ∗
31A

∗−1
1 −B∗33ψ∗

32A
∗−1
2 · · · −ψ∗

3mB∗mmA∗−1
m

...
...

...
...

−B∗mmψ∗
m1A∗−1

1 −B∗mmψ∗
m2A∗−1

2 · · · −B∗mmA∗−1
m −λ Ipm




(A.12)

By adding to the first-row matrices the last-row matrices premultiplied by them′ψ∗
1m, the first-row ma-

trices becomes(−λ Ip1,0, · · · ,0,−λm′ψ∗
1m) from Lemma A.2. Next, adding to the last-column matrices

the first-column matrices postmultiplied by−m′ψ∗
1m, 0 = det(A Σθθ −λ Ip) becomes:

0 = det




−B∗22A
∗−1
2 −λ Ip2 −ψ∗

23B
∗
33A

∗−1
3 · · · −ψ∗

2mB∗mmA∗−1
m +m′B∗22ψ∗

21A
∗−1
1 ψ∗

1m
−B∗33ψ∗

32A
∗−1
2 −B∗33A

∗−1
3 −λ Ip3 · · · −ψ∗

3mB∗mmA∗−1
m +m′B∗33ψ∗

31A
∗−1
1 ψ∗

1m
...

...
...

...
−B∗mmψ∗

m2A∗−1
2 −B∗mmψ∗

m3A∗−1
3 · · · −B∗mmA∗−1

m −λ Ipm +m′B∗mmψ∗
m1A∗−1

1 ψ∗
1m


 .

Similarly, by adding to the first-row matrices the last-row matrices premultiplied by the−ψ∗
2m, the

first-row matrices becomes(−λ Ip2,0, · · · ,0,λψ∗
2m) from Lemma A.2. Next, adding to the last-column

matrices the first-column matrices postmultiplied byψ∗
2m, 0 = det(A Σθθ −λ Ip) becomes:

0 = det



−B∗33A

∗−1
3 −λ Ip3 · · · −ψ∗

3mB∗mmA∗−1
m +m′B∗33ψ∗

31A
∗−1
1 ψ∗

1m−B∗33ψ∗
32A

∗−1
2 ψ∗

2m
...

...
...

−B∗mmψ∗
m3A∗−1

3 · · · −B∗mmA∗−1
m −λ Ipm +m′B∗mmψ∗

m1A∗−1
1 ψ∗

1m−B∗mmψ∗
m2A∗−1

2 ψ∗
2m


 .

Repeating these operations,0 = det(A Σθθ −λ Ip) becomes:

0 = det

{
B∗mm

(
m′ψ∗

m1A∗−1
1 ψ∗

1m−
m−1

∑
i=2

ψ∗
miA

∗−1
i ψ∗

im−A∗−1
m

)
−λ Ipm

}
, (A.13)

which establishes (4.11) and (4.12) from Lemma A.2. Q.E.D.

Proof of Corollary 4.1: We shall first prove Part (i). To prove asymptotic independence ofLRn(1, i)
andLRn(i, j), from Remark 4, it is sufficient to show that

A iΣθθ (A j −A i)Σθθ = 0. (A.14)
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For simplicity, we shall only prove the case of(i, j) = (2,3), however the case of general(i, j)s can be
treated similarly. Using (3.11),A∗m+B∗mm= 0 and Lemma A.2, we have

A 2Σθθ =




B∗11A
∗−1
1 · · · B∗1mA∗−1

m

−B∗21A
∗−1
1 · · · −B∗2mA∗−1

m
0 · · · 0


 , (A 3−A 2)Σθθ =




0 · · · 0
B∗21A

∗−1
1 · · · B∗2mA∗−1

m

−B∗31A
∗−1
1 · · · −B∗3mA∗−1

m
0 · · · 0


 ,

A 2Σθθ (A 3−A 2)Σθθ

=




B∗12A
∗−1
2 B∗21A

∗−1
1 −B∗13A

∗−1
3 B∗31A

∗−1
1 · · · B∗12A

∗−1
2 B∗2mA∗−1

m −B∗13A
∗−1
3 B∗3mA∗−1

m

−B∗22A
∗−1
2 B∗21A

∗−1
1 +B∗23A

∗−1
3 B∗31A

∗−1
1 · · · −B∗22A

∗−1
2 B∗2mA∗−1

m +B∗23A
∗−1
3 B∗3mA∗−1

m
0 · · · 0




= 0.

By (A.14),LRn(i−1, i), i = 2,3, . . . ,m, are asymptotically independent and from Vuong (1989, Corollary

7.3),LRn(i−1, i) d→ χ2(pi− pi−1). It follows that

SLRmn = 2
m

∑
i=2

i−1

∑
j=1

LRn( j, j +1) (A.15)

= 2
m

∑
i=2

(m− i +1)LRn(i−1, i)

d→
m

∑
i=2

(m− i +1)

(
pi

∑
j=pi−1+1

Z 2
j

)

=
m

∑
i=2

(
pi

∑
j=p1+1

Z 2
j

)
,

which establishes (4.13). Part (ii) is identical to Theorem 4.1-(ii). Q.E.D.

Proof of Theorem 4.2: We shall first prove Part (i). From Corollary 3.1 and (A.8), we obtain:

SVmn
a= n

m

∑
i=2

ω̃2
n(1, i) d→U ′

m

∑
i=2

BiU . (A.16)

Therefore, it is sufficient to evaluate the eigenvalues of∑m
i=2BiΣ from Lemma 2.1. From Remark 3, we

obtain:

m

∑
i=2

BiΣ =
[

ΣSV 0
0 0

][
Σθθ 0
0 0

]
=

[
ΣSVΣθθ 0

0 0

]
=




m

∑
i=2

(A iΣθθ )2 0

0 0


 , (A.17)

which proves Part (i). Parts (ii) and (iii) follow from (A.8) and Lemma 4.2 of Vuong (1989).Q.E.D.

Proof of Corollary 4.2: We shall prove Part (i) as Parts (ii) and (iii) are identical to Parts (ii) and (iii)
of Theorem 4.2, respectively. It is sufficient to show that

SLRmn−SVmn
p→ 0 (A.18)

from Corollary 4.1-(i) and Slutsky’s theorem. From Corollary 3.1, we have:

SLRmn−SVmn
d→U ′

m

∑
i=2

(Ai−Bi)U.
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Therefore, it is sufficient to show that all eigenvalues of∑m
i=2(Ai −Bi)Σ are zero from Lemma 2.1-

(i). We note that first-row and first-column matrices ofΣSVΣθθ are zero matrices and typical(i, j)th
submatrix ofΣSVΣθθ is B∗i1A∗−1

1 ψ∗
1 j −B∗i j A

∗−1
j for 2≤ i, j ≤ m by Lemma A.2. Combining this and

(A.12), the eigenvalues of∑m
i=2(Ai−Bi)Σ solve:

0 = det




m′Ip1 +λ Ip1 m′ψ∗
12 · · · m′ψ∗

1m
B∗21A

∗−1
1 B∗21A

∗−1
1 ψ∗

12+λ Ip2 · · · B∗21A
∗−1
1 ψ∗

1m
...

...
...

...
B∗m1A∗−1

1 B∗m1A∗−1
1 ψ∗

12 · · · B∗m1A∗−1
1 ψ∗

1m+λ Ipm


 ,

wherem′ = m−1. Conducting the same matrix operations from (A.12) in the proof of Theorem 4.1, we
obtain all eigenvalues of∑m

i=2(Ai−Bi)Σ are zero, which proves (A.18). Q.E.D.

Proof of Theorem 4.3: We first prove Part (i). From Theorem 3.1, we obtain:

n−1/2LRmn
d→ BU, (A.19)

whereB is a(m−1)× (p+m−1) matrix given by

B =




b′2
b′3
...

b′m


 =

[
0 Im−1

]
.

Therefore, Part (i) follows fromBU ∼ Nm−1(0,BΣB′) and Lemma 2.1. Part (ii) is obvious
from equations (5.7) and (5.8) in Vuong (1989, Theorem 5.1). Part (iii) is straightforward from
n−1/2ICn(1, i) a= n−1/2LRn(1, i). Q.E.D.

Proof of Corollary 4.3: We shall prove Part (i). From Lemma 3.1, (4.25) hold. However,H0−Hω
0

meansΣLL 6= 0. Part (ii) is straightforward from Vuong (1989, Lemma 3.1). Part (iii) is straightforward
from n−1/2ICn(1, i) a= n−1/2LRn(1, i). Q.E.D.

Proof of Corollary 4.4: We shall prove that (v)⇒(iii)⇒ (ii)⇒(i)⇒ (iv)⇒(v).
(v)⇒(iii): Since G ⊂ Fi , E[logg(Yt |Zt ;γ∗)] ≤ E[log fi(Yt |Zt ;θ ∗i )] for any i = 1,2, . . . ,m. Since

F(i)
Y|Z( · | · ;θ ∗i ) = F( j)

Y|Z( · | · ;θ ∗j ) ∈ Fj for any i, j = 1,2, . . . ,m, F(i)
Y|Z( · | · ;θ ∗i ) ∈ G for any i = 1,2, . . . ,m,

which implies thatE[logg(Yt |Zt ;γ∗)]≥ E[log fi(Yt |Zt ;θ ∗i )], and hence (iii) holds.
(iii)⇒(ii)⇒(i)⇒(iv): Obvious from Vuong (1989, Lemma 7.1) andG⊂ Fi .
(iv)⇒(v): Obvious fromHω

0 meaning thatfi( · | · ;θ ∗i ), i = 1,2, . . . ,m, are equivalent. Q.E.D.

Proof of Corollary 4.5: Part (i) is straightforward fromH0 = Hω
0 and Corollary 3.1-(i). Parts (ii) and

(iii) are straightforward from Vuong (1989, Theorem 6.3 (ii), (iii)). Q.E.D.
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