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Abstract. This paper provides an extension of Vuong’s (1989, Econometrica, 57, pp.307—333) model
selection test to the multivariate case. We use the Kullback—Leibler Information Criterion (KLIC) to
measure the closeness of a model to the truth to provide a diagnosis of many competing models where
the models are not correctly specified. After investigating the asymptotic joint distribution of the
likelihood ratio (LR) statistics, we propose LR-based portmanteau test statistics for model selection
among many competing models. These tests are easy to compute and are established under any model
case, including nested, strictly nested, or overlapping; and are useful where several function forms and
exogenous variables give the candidate models. The case of a nested structure yields a test of the best
model and the confidence set of the best model from the standpoint of KLIC. We also discuss the use of
information criteria instead of LR statistics.

KEYWORDS. Likelihood ratio tests; model selection; portmanteau tests; generalized likelihood ratio
tests; goodness-of-fit; information criterion.

1 INTRODUCTION

In this paper, we propose some new tests for model selection by extending Vuong's (1989) results to
the multivariate case. Vuong (1989) presented likelihood ratio (LR) based statistics for testing the null
hypothesis that two competing models are equally close to the true data generating process (DGP) from
the standpoint of the Kullback—Leibler (1951) Information Criterion (KLIC) against the alternative hy-
pothesis that one model is closer.

The results in Vuong (1989) have been extended and applied in a number of ways, including Lien and
Vuong’s (1987) application to normal linear regression models, Vuong and Wang’s (1993) application
to Pearson chi-square type statistics, and Rivers and Vuong’s (2002) extension to nonlinear dynamic
models. Following findings in Nishii (1988) and Vuong (1989), Sin and White (1996) examine the
sufficient conditions for consistency of various information criteria in a very wide class of models.

However, none of this work has considered the generalization of Vuong's (1989) results to the case
of many competing models. As Vuong (1989, Section 8) pointed out, this is an important problem in
model selection. Hence, the purpose of this paper is to extend Vuong’s (1989) asymptotic results to
the multivariate case and examine the testing problem: the null hypothesia thatlels are equally
close to the true DGP from the standpoint of the KLIC against the alternative hypothesis that at least
one model is closer wherais a positive integer larger than two. This test is useful when some models
estimate closer values for the information criteria, e.g., the Akaike (1973) Information Criterion (AIC),
the Takeuchi (1976) Information Criterion (TIC), the Schwarz (1978) Information Criterion (SIC) and
the Hannan—Quinn (1979) Information Criterion (HQIC).

On considering this problem, we have to face the brutal truth that there is a serious problem with
computational cost, even though the asymptotic joint cumulative distribution functions (j.c.d.f.) of the
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test statistics are established. This is because computation of the j.c.d.f. requires computation of numer-
ical multiple integration. Therefore, the usual multiple tests are limited for practical use.

Some methods were presented for this problem: (i) Numerical integration rules by Shephard (1991a,
1991hb). Shephard (19914, 1991b) established a unified computation framework for the j.c.d.f. by invert-
ing its joint characteristic function. This technique is based on the multivariate inversion formula and is
useful when the joint characteristic function is inexpensive to evaluate and the dimension of integration
is reasonably small (see Shephard (1991b, Section 7)). (ii) Simulation experimentation techniques that
approximate the (asymptotic) j.c.d.f.. However, this technique generally requires a large computational
cost. (iii) Use of various inequalities in multiple comparisons to reduce the dimensions of the j.c.d.f..
This technique is most popular in multiple tests, though the technique of multiple comparison uses in-
equality of probability. In summary, these three methods are not suitable for Vuong’s (1989) test in the
multivariate case with many competing models. Hence, we take a different approach to that suggested
and propose (iv) portmanteau test statistics to test the composite hypothesis.

Portmanteau test statistics were first proposed in the 1970s and since then have been practically em-
ployed in various time series models. These are based on the sum of therésstiual autocorrelations
to test that the noise of the fitted model behaves like an independent process andattstorrela-
tions are zero. Li (2004) reviews applications of these statistics in various time series models.

Among nested models, our proposed statistics also relate to Hosoya'’s (1984, 1986, 1989) generalized
likelihood ratio (GLR) test. The GLR test conducts a simultaneous LR test with equal marginal error
rate and constructs a nested confidence set based on the test in the nested models

Our portmanteau test statistics are based on the sum of (squaretl] R test statistics, as LR test
statistics measure the relative metric among models from the standpoint of KLIC. In particular, among
nested models, these test statistics yield new goodness-of-fit test statistics when we suppose the models
are not always correctly specified. Every portmanteau test needs at most one-dimensional numerical
integration to compute the probability. It therefore overcomes the problem of computational cost.

The paper is organized as follows. In Section 2, we provide a basic framework. Section 3 derives
the asymptotic joint distribution of the LR test statistics and the variance statistics presented in Vuong
(1989). In Section 4, we derive the asymptotic theory of tests based on the portmanteau test statistics:
namely, the sum of (squared)— 1 LR test statistics and the sum of variance test statistics where the
competing models are nested, strictly nonnested, or overlapping. We then derive, for the case where all
models are nested, the confidence set of the best model based on the GLR test. We also examine a mixed
case; that is, partially nested, partially nonnested, or partially overlapping. Section 5 summarizes the
results. The mathematical proofs are given in the Appendix.

For ease of understanding, we employ Vuong’'s (1989) notations, assumptions, definitions and so
forth. Throughout this paper, 1€t be the gradient operator such that, for appropriate vectordy,

Oxf(x) = 9 f(x)/dx and0Z, f (x) = 9°f(x,y)/dxdy’. A matrix O denotes an appropriate dimensional
matrix where all elements are zeros. All convergences are given by sample giirg to infinity.
Therefore, we often omit these arguments for brevity.

2 BASIC FRAMEWORK

In this section, we briefly set the basic framework of the paper, where the DGP and the models are
expressed in a similar framework to White (1982) and Vuong (1989). White (1994, Chapter 2 and
Section 3.1) provides a rigorous discussion of the framework for dependent random vector observations.
Let X be ag-dimensional random vector on a complete probability sgXcex ) whereox is the
Borel o-field by the open sets & = RY. The vectoiX; is partitioned a%; = (Y{,Z)’ whereY; andz; are
respectivelygy andg, dimensional vectors with = gy + q,. Let (Y, oy) and(Z, 0z) be the measurable
spaces associated withandZ;. Let HQ be the true joint distribution of;. We shall be interested in the
true conditional distributiorh-l$|z(- |-) of ¥; given byZ;. LetH2 be the true marginal distribution &,
andw be the ao-finite measure oqY, ov).
The DGPX;,t =1,2,...,n satisfies the following assumption:



Assumption Al (Data Generation Process) (i) The g-dimensional random vectods = (Y/,Z)’,
t=12,..., are independent and identically distributed (i.i.d.) with common true distriblHIiQ)n
on(X,0).

(ii) For H2-almost allz, H$‘2(~|z) has a Radon—Nikodym densi(-|z) relative to vy, which is
strictly positive forwy-almost ally.

Throughout this paper, we considerparametric families of conditional distributions defined on
oy x Z for Y, givenz;:

IZ,E{F(P(-|-;6.);9.eG)iCRpi}, i=1,2,...,m, (2.1)

wherep;s are positive integers such that< p;, i < j.
For ease of exposition, we collect the following assumptions used in Vuong (1989). To reduce
complexity, we set the assumptions for a typicglof (2.1).

Assumption A2 (i) (a) For a every8 € ©; and for Hg-almost all z, the conditional distribution
F\;i\)z( -1z,6) has a Radon—Nikodym density - |z &) relative tovy, which is strictly positive for
w-almost ally. (b) ©; is a compact subset &, and the conditional densitfi(y|z 6) is contin-
uous in6; for HZ-almost all(y, 2).

(i) (a) For HR-almostall(y,2), |log fi(y|z 6)| is dominated by aki2-integrable function independent
of 6 € ©;. (b) The functiorezs = [log fi(y|z G,)HQ(dx) has a uniqgue maximum @ € ©;.

(i) (a) For HR-almost all(y,2), log fi(y|z -) is twice continuously differentiable . (b) For HS-
almostall(y,z), [Og log fi(y|z ) - Og log f; (y|Z 6;)], \Daei, log fi(y|z 6)| and|log fi(y|z 6)|? are
dominated byH2-integrable functions independent@&fc ©; and 6; € 9.

(iv) (a) 6" is an interior point of®;. (b) 6" is a regular point ofAi(6), where
A(8) = E| D3 log fi(%[Z:6)] (2.2)
andE[-] denotes the expectation with respecH
From White (1994, Theorem 2.11), Assumption A2-(i) ensures existen@g sfich that

LY (Bn) = supLy(8),
6 €06;

whereL,(P(Q) is defined as the sum of the quasi-log-likelihood functions:
. n
Lh(8) = 3 1001i(¥[2;6).
t=

From White (1994, Theorem 2.13), Assumptions A2-(i) and A2-(iii)-(a) enﬁgné_g)(an) =0. As-
sumption A2-(ii) ensures the existence of the global minimizer of KLIGjn

hO(%|Z)
oo o

Assumptions A2-(ii)-(a) and A2-(iii) ensure existence of all moments with respeeltappear in
this paper by using the Cauchy—Schwarz inequality. Assumptions A2-(iii) and A2-(iv)-(b) ensure the
existence of (2.2) and the matrices:

6" = églgegiunE

Bij(6,6;) =E [De. log fi(Yt|Z:; &) - O log fj (Y| 9])] = B;i(6;,8)' (2.3)
Cij(67,6)) =A(8")'Bij(8",6))A;(6) . (2.4)



For simplicity of notation, le®\' = Ai(6;), B, = Bij(6",6;), B, =Bj andC;; = A'BjAI % As
Vuong (1989, Lemma A and Section 2) notes, Assumptions Al and A2 e@sui consistent for
8*. From this, Assumption A2-(iii) and Jennrich (1969, TheoremA)Bj; andC;; are consistently

estimated by:

~ 12 9%logf("|z; 6in)
(6n) ZHZ_ 90,6 7
Biin(6in, 0 ,
I]n( n ]n) nt; del 09/
Cijn (Bin, Bin) = Ain(8) Bijn (Bin, Bin)Ajn (8;) . (2.5)

From White (1982, Theorem 3.1), Assumption A2-(iv) imposes negative definiten@g9pf.

The remainder of this section summarizes the distribution of the quadratic form of normal random
vectors used in this paper.

The following is from Vuong (1989, Definition 1):

Definition 1 (Weighted Sums of Chi-Square Distributions) Let 2 = (%3, %%,...,%mn)’ be a vector

of mindependent standard normal variables, and let(A1, A2, ..., Am)’ be a vector ofnreal numbers.
Then, the random variablg" ; A; 22 is distributed as a weighted sum of chi-squares with parameters
(m,A). The cumulative distribution function (c.d.f.) is denoted.l#,(-;A ).

The following is from Vuong (1989, Lemma 3.2):

Lemma 2.1 (Muong, 1989, Lemma 3.2 et U be a vector ofm random variables distributed as
m(0,Z) with rankZ < m. LetA be am x mreal symmetric matrix. Then:

(i) U'AU ~ m(-;A), whereA is the vector of eigenvalues AE. Moreover, the eigenvalues are all
real and nonnegative A is positive semidefinite.

(ii) In addition, if AS is an idempotent matrix wittank(AZ) =r < m, U’AU ~ x?(r) wherex?(r) is
a chi-squared random variable withdegrees of freedom.

Part (i) of Lemma 2.1 is due to Vuong (1989, Lemma 3.2). Part (ii) of Lemma 2.1 is well known and
obvious from Part (i) and Definition 1.

In this paper, multivariate versions of the weighted sums of chi-square distributions also appear. We
define this distribution as follows:

Definition 2 (Multivariate Weighted Sums of Chi-Square Distributions) LetU be a vector omran-
dom variables distributed asim(0,%) with rankx < m. Let Aj be amx m real symmetric ma-
trix, i = 1,2,...,k. Then the random vectaiU’AjU,U’AU, ..., U'AU) is distributed as a mul-
tivariate weighted sum of chi-squares with parametensA;,..., A, 2). Its j.c.d.f. is denoted by
Mmk(-3 A1 ..., A, Z) and its joint characteristic function is given by

m k -1/2
1 t)=d1-2iA [ SHAS 26
o(t k) H{ l J<|21|A| )} (2.6)

where); (51, 1A Z) denotesjth eigenvalue of Kt A 3.

Remark 1 (Calculation of .#m(-;A) and #Zmk(-;As,...,A, %)) Moments and independence condi-
tions of U’AlUs are obtained from Lemma A.1. Calculation.a@f,(-;A) is given by Imhof’s (1961)
formula. Some approximations o#,(-;A) are given by, e.g., Johnson et al. (1994, Section 18.8).
Calculation of Zmk(-; A1, ..., Ak, 2) is conducted using Shephard’s (1991a,1991b) multivariate version
of Imhof’s (1961) formula. However, in general, this method is expensive unless the vddigeshall.

See Shephard (1991b, Section 4).



3 ASYMPTOTIC JOINT DISTRIBUTION OF THE LIKELIHOOD RATIO AND
VARIANCE STATISTICS

To evaluate the goodness-of-fit of the model, we employ LR statistics to measure the KLIC. In this

section, we obtain the joint asymptotic distribution of the LR statistics and variance statistics discussed

in Vuong (1989) under general conditions.
LetLRn(i, j) be a LR statistids againstF;:

Yt\Zt,GJn)

3.1)
fi(Y|Z:; 6

LRa(i, ) = LY (8jn) — Zl'
fori < j. Similarly, letE*(i, j) be a relative metric betwedh andF; from the standpoint of KLIC:
E*(i, j) = E [log f; (%Z:; ;)] — E[log fi(%|Z:; 67)]. (3.2)

To proceed, we prepare the notation and lemmas given below and in the Appendix=LgL ; pi,

n= (elm 6va /ér;lny,

= (6f ..,6,;/)/,
LRmnz [LRn<1 2),LRn(1,3),...,LRy(1,m)]’,
E* = [E*(1,2),E*(1,3),...,E*(1, m)]

Up=n (én —6")', (LRyn/n— E*)/

Given Assumptions Al and A2, it follows from Vuong (1989), among others, @hand LRmn/N
are consistent fo8* andE*, respectively. The following lemma is a generalization of Vuong (1989,
Lemma A):

Lemma 3.1 (Asymptotic Normality of Estimates) Under Assumptions Al and A2, it holds that, as
n— oo,

U, 4 u, (3.3)

whereU is a p+ m— 1 vector of normal random variables with mean zero and the following possibly
singular variance covariance matrix:

s — [Zee ZBL]

C ez

200 = [Ci J(ei*761*)]|1 =1,..m

5, = {COV (_ Aﬁ*,lalog fi(%t|Z:; 67) 0g fi+a(M|Z; 9,-11))}

aei* ’ fl(Yt|Zt-6*) i=12,..mj=12,...m l’
fir1(t|Z:; 6%, 1) fJ+1(Yt|Zt’ )

and3 | = [Cov(log 22 1o s )] ;

H fl(Yt’Zt;el) (Yt|zt’6 ) i,j=12,...m-1

whereCoV[ -] denotes the covariance with respect.

Following from Vuong (1989, Theorem 3.3), whéq(-|-;6;) = fi(-|-; 6*) for somei, LR,(1,i) =
Op(1), E*(1,i) = 0 and the corresponding elementois zero. HenceX | is possibly singular.




Remark 2 (Consistent Estimator ofX) Following Jennrich (1969, Theorem 2) and Assumption A2-
(iii), a strong consistent estimator bfis obtained from the sample analogs of the submatric&s bfg
is estimated from (2.5). Typical, j)th submatrices ofg_andZ, are respectively estimated from:

Ain(em)lzldlog fi(t|Z:; 6in) log j+1(t|Z /(\H-l)n)
& 90 £2(%]Ze; )

. n WAL N fia (%2 6
N Am(emllzldlogf.(Yt!Zt,em) 1leog i+1(%|Z /(\H—l)n) (3.4)
ne& 06, N< f1(Yt|Z; B1n)

Guerl{(/élny /Q\Jn) =-

S N fi1(Y|Z: 8 fi1(%|Z: 8,
andaﬁ,%(e.n,ejn)z} log 1126 8ivapn) | Ti+1 (41245 6j1yn)
n& f1(%t|Zt; G1n) f1(%t|Zt; Gin)

B 1i|ogfi+1(mzt;6ﬁ+l)n) lilogfmmzﬁeﬁm)”) : (3.5)
n& f1(%t|Z:; B1n) N f1(%t|Z:; B1n)

Following from Lemma 3.1 and Lemma A.1-(i), we obtain:

Theorem 3.1 (Asymptotic Distribution of the LR Statistics) Under Assumptions Al and A2, it holds
that, asn — oo,

Dn(LRnn/N—E*) & (%, %s, . .., W)’ (3.6)

WhereDn = dla.qun7 d3n, e ,dmn),

[ |60 = fi(-]-160)
'”:{ﬁ it f1(-] - 67) # fil-|-167),
%:{U’MU i f(-1567) = fi(-]16)
U R e) # fiC]6),

i=23,....,m 4 isa(p+m-1)x (p+m-1) matrix defined by = .#|Q;.#;, Q; and .#; are a
(pL+ pi) x (p1+ pi) matrix and(py + pi) x (p+m— 1) matrix, respectively, which are given by:

_ A O
QI— |:O _AI*:|7
I 0 O
T o= P1 :|
? [0 ]Ipz 0
andf._[o o I, 0]"23’

respectivelyOj, j = 1,i, is a pj x (p2+--- + pi—1) zero matrix,b; is a (p+ m— 1)-vector where the
(p+1i—1)th component is one and zero otherwise, bhi$ given by Lemma 3.1.

From Vuong (1989, Lemma 4.1) and Lemma 3fi(-|-;6;) = fi(-|-;6%),i=2,3,...,m, if and
only if the values of the diagonal elementsXyfi are all zero. It follows that the variance estima-

~

tor oi'i-n'-(&n,én), i=1,2,...,m—1, given by (3.5) are natural statistics to test whethgr |-; 6;) =

fi(-]-;6") foralli.



Hence, we investigate the following statistics:

wn(l ') ||nL(GIn7§In)

~ 2 ~ 2
1yn fi(%|Z; 6in) 18 fi(%Z;6n)
= — log——————~ 7 —<¢{=-SYlog—————~ ;| 3.7
nt;{ 20 (W [Ze: ) } {n; > flwzt;eln)} &)
@R (L,1) = @R(L,i) — {LRy(1,i)/n}?
2
1 fi(Y|Zt; Bin)
- = log —~ 1= AN/ 3.8
nt;{ > f1<vt|zt;eln>} 38
fori=2,3,...,mand
Wfn= [68(1,2),68(1,3),..., @R (L,m)]". (3.9)

UnlessE*(1,i) = 0, and following from Vuong (1989, Lemma 4.2)¢(1,i)s are not strong consistent
estimators of the diagonal element=pf : Under Assumptions A1 and A2,

GR(Li) [‘09%233} E oo iz Z))H

The following result considers the joint asymptotic distributiohBf,, andw?,,. This is a generalization
of Vuong (1989, Theorem 4.3):
Corollary 3.1 (Asymptotic Distribution of the LR Statistics and the Variance Statistics)
(i) Under Assumptions Al and A2, whéq(-|-;6;) = fi(-|-;6%), i =2,3,...,m, it holds that as
n— oo,
(2R o) > Mpim-1.2m 23, ..., e, B, .., B, T) (3.10)
whereZ; is a(p+m-—1) x (p+m-— 1) matrix defined by%; = .7}V,.#}, <4 and.#; are given by
Theorem 3.1V, is a(p1+ pi) x (p1+ pi) matrix given by

_ | B =By i _
VI_[_Bi*l B! ,1=2,3,....m

(i) Results in (i) still hold ifé@?(1,i)s in w?, are replaced byo?(1,i)s

Remark 3 (Computation of the j.c.d.f. of the LR Statistics and the Variance Statistics)We  now
examine the asymptotic j.c.d.f. dBLR,(1,i),&¢(1,i)). It is easy to check = Q.7Z.7|Q,,

By = 424, and BZ = (MZ)Z, since these are similar to the results in the proof of Vuong (1989,
Theorem 4.3). Lety; be the firstp x p submatrix ofz. Then we obtain:

< [ 0][Zg9 O] [2Zg9 O < [(£iZe0)?> 0
mz_[o oHo o}_[ 0 ol B3 = 0 ol (3.11)
. . ne B A*—l B* x—1
B11A o BImAm ! ) 1%)/1 ln(f/\m .
HTeg= |-BRAT - —BnARli=2 =] L hoa Y I <
I —BHA ... —_B
o - 0 0 "0

whereOj, j =1,2,...,m, is apj x (p2+---+ pi—1) zero matrix. Therefore, the nonzero eigenvalue
of 4%, Aa, is an eigenvalue of7;Zgq. It follows that the nonzero eigenvalues .ofZ are nonzero
eigenvalues of:

B A BA

* pk— s ax—1]| (312)
BllA _BiiAi !

[



which is a similar expression to equation (3.6) in Vuong (1989). It follows from Lemma A.1-(ii) that
LR, (1,i) and@?(1,i) are not generally asymptotically independent. However, we note that an eigenvalue
of ty(HAZ) +ta(HAZ)? is t1Aa +t2A2 from the Frobenius Theorem whetiet, € R. Therefore, we can
easily compute the asymptotic j.c.d.f. @LR,(1,i),@?(1,i))’ from (2.6) and equation (1) in Shephard
(1991b).

Remark 4 (Independence of % }) Necessary and sufficient conditions for the asymptotic indepen-
dence of the two normalized LR statistics or the variance statistics are obtained from a generalized
Craig—Sakamoto Theorem (see Lemma A.1). It follows that under the conditions given in Theo-
rem 3.1, iffy(-|-;607) = fi(-]-;6%) = fj(-|-;67), LRa(1,i) andLRy(i, j) are asymptotically indepen-

dent if and only if2gp.27Z (| — /;)Z9e = 0. Therefore, in general, normalizadR,(i, j) and
LRy(J,k) for i < j < k are not asymptotically independent. This is different from the standard the-
ory of multiple tests under nested hypotheses when the hypothesized models contain a correct model.
See, e.g., Gourieroux and Monfort (1989, Chapter 19). In addition, by Lemma A.1-(iv) and (v), if
fi(-|;07) = fi(+[-;67) # fj(-]-;6]) for somei # j, % and?%; are uncorrelated, but are not indepen-
dentin general.

4 PORTMANTEAU LIKELIHOOD RATIO TESTS IN MANY COMPETING MOD-
ELS

This section considers testing for equivalencelsy1,i), i = 2,3,...,m by using the LR test statis-
tics and variance statistics discussed in the previous section. We also consider the application of an
information criterion:

whereCij, is nonnegative and depends iof, n. Cij, imposes a penalty to encourage the selection of a
parsimonious model. Candidates@f are estimates or nonstochastic numbers sudfj as) (AIC),

tr{Bin(Bin) Ain (Bn) ™1} — tr{Bjjn (Bjn) Ajn(8n) 2} (TIC), (j —i)log(n) /2 (SIC), or (j —i)c{loglog(n)}
with ¢ > 1 (HQIC), which suggest the choice of the moégif ICy(i, j) < 0and the choice of the model
Fj otherwise.

4.1 Testing Hypotheses

We consider the following hypothesis and definitions.

Definition 3 (Hypothesis for Equivalence Test of KLIC) We say that: whei*(i, j) > 0, Fj is better
thanF, whenE*(i, j) <0, F; is better thari; and wherE*(i, j) = 0, F andF; are equivalent. Then:

Ho: E*(1,2)=E*(1,3)=---=E*(1,m) =0 4.2)
meaning thak, i =1,2,...,m, are equivalent, against:
Ha: E*(1,i) #0for somei =23,...,m, (4.3)

meaning thaF; andF are not equivalent, or equivalently; is better or worse thak; for somei =
2,3,...,m.

This test is useful when we conjecture the competmgodels are almost equally well fitted.
We also consider the following hypothesis and definitions.

Definition 4 (Hypothesis for Equivalence Test offi(-|-; 6*)s) Let w?(1,i) be (i — 1)th diagonal ele-
ment ofz | fori=23,...,m whereX, is givenin Lemma 3.1. Then:

HY: w?(1,2) = w?(1,3) =--- = w?(1,m) =0 (4.4)



meaning thaf; (-

18", 1=1,2,...,m, are equivalent, against
HY: w?(1,i) # 0for somei =2,3,...,m, (4.5)
meaning thaff{(-|-;6;) # fi(-

-;87) forsomei =2,3,...,m.

We note that, given Assumptions Al and A%y’ is equivalent tofi (- |-; 67) = f;(-|-; 6]") for anyi, j by
Vuong (1989, Lemma 4.1). Also, testiftf’ is equivalent to testing, . = 0 or testingtr>; = 0.

4.2 Nested Models

We now consider the case of a nested structure. We propose two tests for model selection based on the
LR test and variance test statistics.
First, we provide a formal definition of the nested model given by Vuong (1989, Definition 4):

Definition 5 (Nested Models) m conditional model$s, i =1,2,...,m, are nested if and only if:
Fchy fori=12.... m-—1 (4.6)

Similarly to Vuong (1989, Assumption A8), we assume:

Assumption A3 There existﬁ:z—function(ﬂj (-) from ©; to ©; such that for anyg, € ©;:
fi(-]-;6)=fi(-]-9;(6)) (4.7)
for (w x H2)— almost anyy, z) andi < j.
The following lemma is due to Vuong (1989, Lemma 7.1):

Lemma 4.1 (Muong (1989, Lemma 7.1))Given Assumptions Al-(ii), A2-(i), A2-(ii) and A3, the follow-
ing statements are equivalent: for any |,

Q) 67 =@ (8,

(i) 6 < qj(6),
(iii) Ellog fi(¥;|Z; 6)] = E[log f;(%|Z:; 6;)],
V) fi(-:67)=f(-]:6)).

Lemma 4.1 shows that the hypothesis for the KLIC equivalence test in Definition 3 coincides with
the hypothesis for the equivalence testfdf:|-; 6")s in Definition 4. Also, following from Vuong

(1989, Section 7), hypothedi$ againstHa are equivalent to the hypotheﬁél) againstH,&l), which
are defined as follows:

Definition 6 (Hypothesis for Test of the Best Model among Nested ModelsjVe say that for the
nested models;, j =i,i+1,....m whenE*(i,j) =0 for any j=i+1,i+2,...,m and some
i=12,...,m-1, Fisthe best model amorfg, j=i,i+1,....m.

Given Assumptions Al-(ii), A2-(i), A2-(ii) and A3, for the nested modgl$or anyj =i,i+1,...,m
andsome=1,2,... m—1,

HY : 65 € am(®1), (4.8)

meaning thaf is the best model amorfg, j =i,i+1,...,m from the stand point of KLIC and the
principle of parsimony, against:

HY @ 65 ¢ am(©) and | J HYY, (4.9)
j=i+1
meaning thal is not best amongr;, j =i,i+1,...,m, or equivalently,F is worse than somg;,
j=i,i+1,...,m whereH\™ denotes;, € O,



As argued in Vuong (1989, Section 7), this test provides a diagnosis that the smaller model is equiv-
alent or worse than the larger model becali$@, j) are nonnegative for any< j under Assumption

A3. If HéI> is true,Hé”s, j > i are also true anH is a suitable model from the principle of parsimony:
thus,F is the best model among the larger models. In other words, this test is a new goodness-of-fit test
among nested and possibly incorrect models.

For simplicity, we only discuss the case }dél) againstH,&l). However, the following arguments
readily apply to the case tbfé') againsiHX), l<i<m

From Corollary 3.1-(i) and Vuong (1989, Section 2),Rnn converges to a multivariate weighted
sum of chi-square distributions undds. However, calculation of the rejection region of BR,(1,i)
statisticsj = 2,3,...,mentails computational cost when the valuerdt large. However, bothR,(1,i)
andE*(1,i) are nonnegative andR,(1,i) takes large values whe&*(1,i) > 0, as in Vuong (1989,
Lemma 3.1). Therefore, we propose a sum of likelihood ratio (SLR) statistic:

SLRm= 2i|_Rn(1,i) (4.10)

for testingHo.

We have two interpretations on the use of this statistic.

First, we note thaH indicates testing for the goodness-of-fit tesEpin terms of the KLIC under
the Definition 3 becauskg meanch(,l) by Lemma 4.1. It follows that testingg by SLRy, is a new
portmanteau test among nested and possibly misspecified models. In time series analysis, the portman-
teau test statistic is known as a goodness-of-fit test statistic and is defined by the sum of squares of the
first m residual autocorrelationg;, i =1,2,...,m. Box & Pierce (1970) first presented this statistic,
which is supposed to behave as the sum of squares of thenfgatnple autocorrelations of the white
noise processo, i =1,2,...,m. Namely, the supposed model is assumed to be correctly specified and
B — pi > 0 under the null hypothesis. It is also known th{@k, B, ..., Pm)’ is a vector of Lagrange
multipliers by a test for the null hypothesis that the disturbances are independent and the alternative
hypothesis is that they are anth order autoregressive (or moving-average) model. See, e.g., Godfrey
(1991, Sections 3.5 and 4.4). While we consider the model selection problem where the models are not
always correctly specified, we hau«’e'zn(l,i)/naf; E*(1,i) from Vuong (1989, Lemma 3.1). Now, we
suppose=*(1,i) = 0in place ofp; = 0p(1) and use the sum &fRy(1,i)s in place of the sum of squared
pis.

The second interpretation is a generalization of Hosoya's GLR test. See Hosoya (1984, 1986, 1989).
The framework of Hosoya’s GLR test assumes that the nested models are correctly specified and reject
the null model wherLR,(1,i) > ¢; for somec; > 0 andi = 2,3,...,m. Hosoya’s analysis also reveals
that the GLR test is more powerful than the standard LR test and presents a few numerical integration
methods to save computational cost. Hosoya (1989, Section 4) provides some illustrations of the GLR
tests. However, the joint probability of maR,(1,i) > ¢;}s requires substantial computational cost.
Unfortunately, our procedure cannot use Hosoya’'s numerical integration methods because we assume
that the models are not correctly specified &fh(1,i) andLR,(i,]), i < j, are not asymptotically
independent from Remark 4. However, the portmanteau statistic (4.10) overcomes this difficulty.

The asymptotic distribution dLRyn is given by the following result:

Theorem 4.1 (Asymptotic Distribution of the SLR Test Statistics) Given Assumptions Al, A2 and
A3:

(i) UnderH.", it holds that, as1 — oo,

d

SLRnn — .//pm( . ;/\SLR)) (4.11)

whereAgris the vector oo, nonnegative eigenvalues B§ r= S ", W;; W;, i =2,3,...,m, is
Pm X pm Matrix defined by

Wi = Bl (WA W5 — A Ui (4.12)
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and (i = ¢ (6°) = Og- ¢ (67), ¢ = @i fori < jand gy =T, fori=1,2,...,m

(i) Under ngl), SLRmi c0, ash — o,

This test is one-sided. It is carried out by computing the eigenvalue of the sample anzing. of
As noted in White (1982) and Vuong (1989), if the information matrix equivalence holds for the
larger model, one has the following corollary as a generalization of Vuong (1989, Corollary 7.3).

Corollary 4.1 (Asymptotic Distribution of the SLR Test Statistics Given Ay, + By, = 0) Given As-
sumptions A1, A2 and A3 with < p; fori < j, suppose thad, + B, = 0:

() Under Hél), it holds that, asn — o, LRy(1,i) andLRy(i,]), 1 <i < j < m, are asymptotically
independent and

m Pi
d 2
SLRnn— ze, (4.13)
iz? <J—%+l J )
where{ %} isi.i.d. .47(0,1).

(i) Under ngl), SLng 00, ash — oo,

From White (1982, Theorem 3.3), the information matrix equivale¥ge- B,,,= 0 holds if all models
are correctly specified. It follows that the results in Corollary 4.1 are also derived from those of Hosoya'’s
(1984, 1986, 1989) GLR test.

As argued in Vuong (1989, Section 7), from Lemma 4§, andHp are equivalent. Hence, the
variance test statistic&?(1,i)s or @?(1,i)s are also useful for testingo. We consider the sum of
variance (SV) test statistic as a new test statistic:

SVn= n_i&ﬁ(l,i). (4.14)

SinceS\(nn/naj tr> ., one interpretation of the SV test statistic is testingtf@i; = 0, which is an
equivalent test oHg’. The asymptotic distribution &V is given by the following:
Theorem 4.2 (Asymptotic Distribution of the SV Test Statistics) Given Assumptions Al and A2:
() UnderH, it holds that, ag1 — oo,
d
SVn — //p( -3 Asv), (4.15)

whereAsy is the vector op nonnegative eigenvalues bfyZgg = z{‘;z(gizw)z and

(m-1)Bj; —Bj, -Biz -+ —Biy
_le BEZ 0 0
Ssv=| -B} 0 By -] (4.16)
: : : .0
| -Biy 0 .+ 0 Bym]

(iiy Under H®, S\Vin -3 o0, asn — oo,

(iii) The results in (i) and (ii) still hold if@?(1,i)s in S\, are replaced byo?(1,i)s.
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This test is also one-sided, carried out by computing the eigenvalue of the sample arkaphgof
Computation ofAsy may require more computational cost thafigr because the corresponding matrix
is of a higher dimension.

We note that this theorem holds without definition and assumptions concerning the nested models
because it is based on Corollary 3.1. Put differently, a remarkable feature of the SV test statistic is that
its asymptotic properties are independent of the model structure.

If all models are correctly specified, then the limiting distribution reduces to the same distribution
as the SLR statistic given in Corollary 4.1. The following corollary is a generalization of Vuong (1989,
Corollary 7.5):

Corollary 4.2 (Asymptotic Distribution of the SV Test Statistics GivenA};,+ B;,,,= 0) Given
Assumptions Al and A2 with < p; fori < j, suppose thad, + B},,,= O:

(i) UnderH®, it holds that, agn — oo,

d m Pi 5
SVipn — Z7 |, (4.17)
where{ %} isi.i.d. .47(0,1).
(i) Under H?, S\fpn % o0, asn — oo
(iii) The results in (i) and (ii) still hold if@?(1,i)s in S\n, are replaced byo?(1,i)s.

Corollaries 7.3 and 7.5 of Vuong (1989) examine the casa ef 2 and show that if the larger model
is correctly specified, both the LR test statistic and the variance test statistic converge to a common chi-
squared distribution undeéty. Corollaries 4.1 and 4.2 herein show that both the SLR test statistic and
the SV test statistic converge to a common sum of the chi-squared distributionsf@r

We have a few remarks, as follows.

Remark 5 (Moments of Asymptotic Distribution of the SLR statistics and the SV statistics)We

now examine the asymptotic mean and varianc&IoR,, and S\, under the null hypothesis. Let
AE[-] and AVAR |-] denote the mean and variance of the asymptotic distribution, respectively, and
let 1 be ak-vector defined by, = (1,1,...,1). Then, from Lemma 2.1, Remark 3, Lemma A.1-(v),
asymptotic mean and variance®Ii Ry, andS\, are as follows:

(i) Under the conditions in Theorem 4AE[SLRnn| = tr(3{2,.%7Zgg) = 3L, tr(W;) = I As.rand
AVAR [SLRnr] = 2tr{(3,#/,Z60)°} = 2Ag RAsLr
(i) Under the conditions in Theorem 4 8E[S\nr = tr{3",(iZ99)*} = 1pAsy aNdAVAR [SVy] =
2u[{ 3105 (2i200)?}?] = 2AgAsv.
(iii) Under the conditions in Corollary 4. BE[SLRny = AE[S\nr = {1, tr(W;) = S, (pi — p1) and

AVAR [SLRy| = AVAR [SVing] =25, (m—i + 1)2(pi11 — pi), Where the last equality is follows
from (A.15).

Therefore, the eigenvaludg g andAsy play an important role in the stability of the asymptotic distri-
bution of SLRy, andSVn.

Remark 6 (An Interpretation of the Information Criterion) We discuss an application of the LR test
and the SLR test from the information criterion given in (4.1). Selection of miedey the information
criterion is given bylC(1,i) < Ofor all i > 1. Whentyjn P, C1i < o, under the assumptions in Theorem
4.1-(i), the probability of the selection of model by the information criterion is given by:
Pr(ICn(1,i) <0,i=2,3,...,m) = Pr(2LR,(1,i) < 2Cijn, i = 2,3,...,m)
— L//p+m_1’m_1<2C12, ceey chm; 4272, .. ,Jme, Z) (4.18)
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from Corollary 3.1-(i). This probability is less than:

Pr ('ilCn(l,i) < 0) = Pr(SLRm < ziéli”>
— ./fpm (Z-icj'i X ASLR) (4.19)

from Theorem 4.1-(i). While, by Lemma A.1-(v) and Lemma A.2,
AE[2LRnn] = [tr(Bi1A; ) — tr(BiAy 1), .., tr(BL A ) — tr(BieAa )] (4.20)

and AE[SLRy] =trZg r= i{tr( LAY (B ATH . (4.21)

Therefore, when we choose the TIC penaltyCas the asymptotic critical values given in (4.18) and
(4.19) equal AE[2LRmn and2 AE[SLRyy, respectively. In addition, whef§" +B;; = 0, AE[2LRy| =
AE[NWE] = (P2— P, Pm— P1)’ and AE[SLRnr = AE[SVnr] = S125(pi — p1). Therefore, when
we choose the AIC penalty &, the asymptotic critical values given in (4.18) and (4.19) equal
2 AE[2LRnr = 2AE[Nw?,] and 2AE[SLRnn| = 2AE[SVn, respectively. This interpretation is also
applicable to Vuong (1989, Theorem 7.2 and Corollaries 7.3 and 7.5).

Remark 7 (Confidence Sets)in the case where there are several competing hypothbléiés
i=1,2,...,m, following Hosoya (1984, Section 3; 1989, Section 4), we can establish the confidence
set for the best model as follows: LE{, denote the set of indices whekqg'), i=1,2,....m are
not rejected by the SLR test or the SV test at significance level (0,1). Let iAr_n denote the low-
est integer inly,. Namely, iy C {1,2,....,m} and iy, = minl,. Suppose thaHi™ is true. Since
Priim > i%, | Hé"x'“)) < Pr(i}, is rejected Hé'?“)) = o, we obtain:

Piim<im<mH{")>1—a fori<ir<m (4.22)
Therefore, thel00(1 — a)% confidence set of the model index{is|im <i < mi e N}.

4.3 Strictly Nonnested Models

We consider the case where the modgks are strictly nonnested. The following definition is from
Vuong (1989, Section 5).

Definition 7 (Strictly Nonnested Models) m conditional modelsk, i=12,....m, are strictly
nonnested if and only if:

FiNFj = ¢ foranyi # j. (4.23)

As Vuong (1989, Section 5) noted, when the competing models are strictly nonnested, all models must
be misspecified under our null hypothekig

From Theorem 3.1 and Vuong (1989, Section 5)Y/2LRy,, converges to a multivariate normal
distribution undeHo. However, calculation of the rejection region of all normalizd}(1,i) statistics,
i =2,3,...,mentails computational cost when the valuaois large. Therefore, we propose a sum of
squared likelihood ratio (SSLR) statistic:

m
SSLRn= - Y LR2(1,i 4.24
A= 3 LRA(LD) (4.24)
for testingHo.
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Theorem 4.3 (Asymptotic Distribution of the SSLR Statistics) Given Assumptions Al and A2 Hf
i=12,...,mare strictly nonnested, then we obtainras> :

(i) UnderHyg,
Y2 RS Ao1(0,210), (4.25)
andSSLRn 2 m-1(-1ALL), (4.26)
whereA is the vector of nonnegative eigenvalue&gf. In addition, ifZ, | is nonsingular,
Qun= LR yZ1in(B) LRyn/n > x3(m—1), (4.27)
WhereZLLn(én) = [q'lrr';(@m,@jn)] and q']r';(ﬁ,nﬁjn), i,j=1,2,...,m—1, is given by(3.5).

(i) Under Ha, SSLRn 9 . In addition, ifZ | is nonsingularQmn 9, o,

(iii) If Cyjn = op(nl/z) whereCyjn is defined in(4.1), properties (i) and (ii) still hold ilLR,(1,i) in LRmp
is replaced byiC(1,i),i =2,3,...,m.

The test withSSLRln and Qmpn is one-sided. The test witBSLR,, is conducted by computing the
eigenvalues ok »(6,), which is a consistent estimator of the eigenvalues, of
4.4 Overlapping Models

We consider the case where the modglandF; are all overlapping. The following definition is due to
Vuong (1989, Section 6).

Definition 8 (Overlapping Models) m conditional modelds, i=1,2,...,m, are overlapping if and
only if
FROF # o, (4.28)
R ¢ FjandF 2 F; (4.29)
for anyi # j.

Condition (4.28) says tha& andF; have some common conditional distributions YpgivenZ; for
H2 for almost allz, while condition (4.29) states that neither model is nested in the other.

However, as discussed in Vuong (1989, Section 6), we cannot establish a direct mettiRgh by
testHp because we cannot discriminate whethgr | -; 6;) = fi(-|-; 8%).

Nevertheless, we can use Theorem 4.2 tot#gstor overlapping models and the following:

Corollary 4.3 (Asymptotic Distribution of the SSLR statistics) Given Assumptions Al and A2,
(i) UnderHo —HE, n=Y2LRyn # 0p(1), (4.25)and(4.26)hold.

(i) Under Ha, SSLRyy % co.

(iii) If Cyn = op(nl/z) whereCyy, is defined in4.1), properties (i) and (ii) still hold ifLRy(1,i) in LRy
and(4.24)is replaced byCn(1,i),i =2,3,...,m.

Both tests are one-sided and conducted by the arguments discussed below in Theorems 4.2 and 4.3.

Part (i) of Corollary 4.3 utilizes Lemma 3.1. When at least one pair of the models satisfies
f1(-|-;65) # fi(-|-; 6%), n"Y2LRyn converges to a nondegenerate normal distribution with mean zero
and variance |, which is possibly singular. Because of this, even though we do not possess concrete
information abouf; and a set of models that satisfieg - |-; 6;) = fi(-|-;6*), we can conduct the
Ho — Hg’ test by usingSSLRy, which reflects information abodi . .

As a result, we adopt Vuong's (1989, Section 6) sequential procedure for telgting
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(i) TestH§ againstHy by usingSVnn. If H§ is not rejected, we conclude that we acddgtandHo.

(i) If HE is rejected, testlo — H’ against; by usingSSLRi. If Ho —Hg’ is not rejected, we accept
Ho. If Ho—H§’ is rejected, we concludéa.

This sequential procedure has a significance level asymptotically bounded above by the maximum of
the asymptotic significance level anda, used for the SV test and SSLR test. This is because similarly
to Vuong (1989, Section 6),

Pr(Ho rejected Hg) < max{Pr(S\nn > c1|Hg’),Pr(SSLRn > c2|Ho—H) }
— max(az, o) (4.30)

for somecy, c; > 0. Therefore, ifa; = o € (0,1), i = 1,2, the significance level of the procedure, as a
test ofHo, is asymptotically no larger tham.

Among the nested or overlapping modeld§f is true, a common set of the mod@s= ", F is
a suitable model from the principle of parsimony. This is proven by the following corollary of Lemma
4.1:

Corollary 4.4 (Corollary of Lemma 4.1) Suppose thain conditional models are nested or overlap-
ping such thalNF; # ¢@,i=1,2,....,m. Let:

G= (R ={Gyjz(:|;yyel cRY,
i=1

whereq < p; and the conditional distributio®yz( - |z y) has a Radon—Nikodym densgy- [z y) rela-

tive tow. Lety* €' be a pseudo-true value gffor the conditional modeG. Assume that there exists
C2-function7g(-) fromT to ©; such that forany e g(-|-;y) = fi(-|-; 1 (y)) for (w x H?)— almost
any (y,z) andi = 1,2,...,m. Given Assumptions Al-(ii), A2-(i), A2-(ii), and similar assumptions that
are made orG, the following statements are equivalent:

(i) 6" =m(y),
(i) 6 <m(r),
(iif) Eflogg(Yt|Z:;y*)] = Ellog fi(%t[Z:; 67)],
(v) g(-|-3y) = fi(-[-:6),
(V) Hg’
foranyi=1,2,....m

SinceG C F, Ellogg(Yt|Z:; y*)] < Ellog fi(Yt|Z:; 67)] for anyi = 1,2,...,m. HoweverHg’ is equivalent
to Corollary 4.4-(iii). Therefore, and similarly to Section 4.2, hypothetfsagainstHy’ is equivalent to
hypothesis Corollary 4.4-(iii) againEflogg(Y:|Z; y*)] < E[log fi(Y;|Z; 6")] for somei, which provides
a diagnosis whether a common set of the models is the best model among larger models.

As Vuong (1989, p.322) pointed out, when at least one model is correctly specified, weldrave
Hg’ and directly construct a model selection test based on the SV statistics from Theorem 4.2 or the SLR
statistics from the following corollary:

Corollary 4.5 (Asymptotic Distribution of the SLR Statistics when a Model is Correctly Specified)

Given Assumptions Al and A2Hf i =1,2,...,m, are overlapping and at least one model is correctly
specified, then:
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(i) UnderHyg,
SLRmn 2 (- Mas) (4.31)
whereAps is the vector op eigenvalue of ", 72 0.
(i) Under Hp, if the modeF; is correctly specifiedSLRnn 9 _ 00,

(iif) Under Hp, if the modek is correctly specified for some=2,3,...,m, SLRyn 4 0,

This test is two-sided and conducted similarly to the arguments in Vuong (1989, p.322). A matrix
S, is given by (A.11). However, we note that when the models are misspecified, idpder’,

the SV statistics and the SLR statistics diverge from Theorem 4.2-(ii) and Corollary 4.3-(i). In this
case, when the researcher wrongly decides that at least one model is correctly specified, both the SV
statistics and the SLR statistics are frequently rejected: this is contrary to (4.15) and (4.31), respectively.
Therefore, we should not use these direct tests without strong evidence about the DGP.

4.5 Mixed Structure Models and Summary of Methodology

We finally consider the case where the models are partially nested, strictly nonnested, or overlapping as
based on the concepts developed in this section.

Sections 4.2, 4.3 and 4.4 consider that all models are nested, strictly nonnested, or overlapping.
However, cases exist of mixed models such that some models are strictly nonnested and other models
are nested. It is often complicated to analyze separately all types of models for the multiple tests with
individual LR tests. In addition, the asymptotic j.c.d.f. of individual LR statistics calls for substan-
tial computational cost. Therefore, it is practically impossible to evaluate the significance level of the
multiple tests with individual LR tests.

Unexpectedly, our methods are easy to conduct by combining the results found previously. To
proceed, we assume that Assumptions Al and A2. We also assume Assumption A3 for nested models.

Then, the tesHg cases in mixed structure models (whether at least one pair of models is strictly
nonnested): First case. At least one pair of models is strictly nonnested: We can directly condiict test
by usingSSLRin as in Section 4.3. This is becaudg is true,nY2LRy, andSSLRy, are bothOp(1)
from Lemma 3.1 and | # 0. Second case. The other mixed cases are where some models are nested
and some models are overlapping. Here, and based on Theorem 4.2 and Corollary 4.3, we conduct the
sequential procedure discussed in Section 4.4. The significance level of this test is given by (4.30).

In summary, our unified procedure for testiHg againstHa is as follows:

() All models are nested: we conduct the testiigrusingSLRy, or SV We can interpret tesiy as
a test for the best model among the nested models. In addition, this test establishes the confidence
set of the index of the model that possesses the best model from the standpoint of KLIC. See
Section 4.2.

(i) At least one pair of models is strictly nonnested: we conduct a tedtifansing SSLR,,. See
Section 4.3.

(iif) For the remaining cases, such as where some models are nested and some are overlapping: we
conduct a sequential test thd§’ usingS\in, before conducting a hypothesis tettusingSSLRyn.
We can interpret tesi’ as a diagnosis for a common set of the models among larger models. See
Section 4.4.

In each case, our procedure only requires computable matrix operation and, at most, one-dimensional
numerical integration to evaluate the probabilities, such as the significance levgis/ahes. Remark
1 provides references for the accurate or approximate method to compute these probabilities.
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S5 CONCLUSION

In this paper, we propose a unified approach to test whether competing models are equally close to
the true DGP from the standpoint of KLIC, where the models are (partially) nested, strictly nonnested,
and/or overlapping. Our proposed test is based on the sum of (squared) LR test statistic: this comprises
an extension of Vuong (1989) to the multivariate case. This test is workable under many competing
models because it overcomes the problems of complicated model structures and computational cost
associated with higher dimensional numerical integration. This test is useful where several functional
forms and exogenous variables provide the candidate models.

Finally, we leave some remaining problems for future research: (i) Our framework only considers
that the DGP is i.i.d. from Assumption Al-(i) similarly to Vuong (1989). As argued in Section 1, many
studies have extended Vuong’s (1989) results to various cases. For example, it is important to relax
Assumption Al-(i) for the dependent data as in Domowitz and White (1982), Rivers and Vuong (2002),
Sin and White (1996) and White (1994). (ii) Except for the case of a nested structure, we cannot establish
a test of the best model with the information criterion. Egt be a model selected by the information
criterion. Then in our notation-,lc',c: E*(h,iic) > 0 for anyh < i,c andE*(iic,j) < Oforanyj > i,
againstH)C: E*(h,iic) < 0 for someh < ijc or E*(iic, j) > 0 for somej > iic. SinceH& C Ho C H{C,
whenH{’ or Hg is not rejected, we conclude thblgc is not rejected; and wheHy is rejected, we
have to doubH/C and conduct another test suchH§ — Ho againstH)C. Relating to this problem,

(iif) Except in the case of a nested structure, we cannot use the principle of parsimony. Therefore, we
cannot propose an appropriate principle to proceed the model selection procesdgnbertcepted.

For example, the modé} is not always the best model to interpret and analyze when it is a nonlinear
function of 8;. Further, even i, is larger tharps, if the modelr; is a linear regression model it would

be more tractable thdf. Though it may depend on the researcher’s arbitrariness, some will wish for a
logical principle for mixed structure models.
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APPENDIX

Except when explicitly mentioned, leki(8") = fi(%|Z;6*) and LR;(i,]) = Lﬁj)(ej*) - LEP(ei*) =
S log{fij(67)/i(67)}. i,j = 1,2,....,m X, =Y, denotesX, — Y, = 0p(1), asn — e, whereX,
andy, are appropriate dimensional random matrices.

Proof of Lemma 3.1: From the proof of Vuong (1989, Lemma A and Theorem 3.3), we obtain:

V(B —67) 2 — A 200 L0 (8)), (A1)
andLRy(1,i) = LRY(1,i) +Op(1), i=1,2,...,m. (A.2)
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When f1(-|-;65f) # fi(-|-;67) for all i # 1, following from equation (A.9) of Vuong (1989), (A.1),
(A.2) and the multivariate Central Limit Theorem (see, e.g., Rao (2002, Section 2c.5)), we obtain

~ 1 0
Up = %t; — A} 0g; log f11(6;), —A5 *0g; log fia(63), - .., —An ey, log fim(6r),
/
fi2(65) fia(63) fim(6n)
lo —E*(1,2),lo —-E*(1,3),...,lo —E*(1,m
9060 (1,2),l0g f(60) (1,3) 9% (0) (1,m)
4du. (A3)

If f1(-]-;67) = fi(-|-; 6") for somei > 1, thenLR}(1,i) = log{ fii(8")/f1(6;)} = E*(1,i) = 0, and
LR, (1,i) = op(n'/?) from Vuong (1989, Lemma 3.1). Thereforgn+i)th element ofU and corre-
sponding elements af are zero, which proves the lemma. Q.E.D.

We prove the following lemma where (ii)—(iv) are due to a generalized Craig—Sakamoto Theorem
(see, e.g., Provost (1996)):

Lemma A.1 (Linear and Quadratic Forms of Normal Variables) Let U, and U be p-dimensional

random vectors such that, 4 Uasn— o, U~ 4p(0,Z), rank(X) < p, and letA; be ap x p real
symmetric matrixp; be ap-dimensional real vector,=1,2,...,randj=1,2,...,s. Then the following

holds:
() 1t holds that, asn — oo,
(UaAlUn,U%AZUn,,U;]ArUn, &Un, /2Un,...,b/SUn)/
4 (U'AULUAU,... UAU.BU, B, ... BUY.

(i) U'AU andU’A;U, i # ], are independently distributed if and onlyzifZA;Z = 0.
(i) bU andbjU, i # j, are independently distributed if and onlybjb;j = 0.
(iv) U’AU andbjU are independently distributed if and onlyzifyZb; = 0.

(v) EU'AU] = rAZ, CovU'AU,U'AU] = 2tr(AZA[Z), CoviblU,bjU] = bsb; and
CovlU'AU, U] =0.

Proof. First, we shall prove (i). Let = (t1,t2,...,t) andu = (uy,Up,...,Us)’ be real vectors, and let
A=73{_,tA andb= S} ;ub. Then, we obtain, as— oo,

r S

i= =

9 U’AU +bU

= iiltiU/AiU —l—iiuibi/U,

where the convergence follows from Serfling (1980, Section 1.7) Sipp@)’AU +b'U) = 2AU +b. It
follows Part (i) from Crargér—Wold device. The results in Part (v) are well known. See, e.g., Hocking

(1996, Corollary 2.3). The remainder of the proof is obvious from, e.g., Provost (1996, Section 3).
Q.E.D.
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Proof of Theorem 3.1: From equation (A.7) of Vuong (1989), we obtain:

LRn(L,i) = LRy(L,i) + 6 Q6;,/2+0p(1) (A4)
fori=2,3,...,m, where
%zVﬂﬁfﬁlaﬁm. (A.5)
Bn— 6,
It follows that
8 Qi85 = Un AU, (A.6)
and
Gin{LRy(L,i)/n—E*(L,)} £ din {LRY(L,i)/n—E*(L,i)} + dinB QB /2n
a [OneUy if fu(-]-16§) = fi(-]-16) A7)
b{Un it f2(-]-;67) # fi(-[-:67).
Therefore, the desired result follows from Lemma 3.1 and Lemma A.1-(i). Q.E.D.

Proof of Corollary 3.1:  From the proof of Vuong (1989, Theorem 4.3) and (A.5), we obtain:

nGR(1i) 2 na@(1,i) 2 Gvig, 5 U'AU. (A.8)
Hence, we obtain the result from (A.7) and Lemma A.1-(i). Q.E.D.

The following lemma is due to Vuong (1989, Lemma B):

Lemma A.2 (Vuong (1989, Lemma B))Given Assumptions Al-(ii), A2 and A3, we have uﬂd@ll),
foranyi < j <Kk,

() A = WjAj; andB; = gBj; .
(i) B =B} andBj = By}
(i) ranky;j = pi.
(V) Wi = Wi and g = g .

Proof. Parts (i)—(iii) are due to Vuong (1989, Lemma B). Part (iv) follows from the chain rulgjo
Y o Y- See, e.g., Magnus and Neudecker (1999). Q.E.D.

Proof of Theorem 4.1: We shall only prove Part (i) as Part (ii) is obvious from Vuong (1989, Theorem
7.2 (ii)). From Theorem 3.1, we obtain:

2LRmn£> ///ermfl,mfl(‘;Q{Za---»%mz) (A.9)

m
andSLRy, % U’ Z,Q{iu. (A.10)
i=
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Therefore, similarly to the proof of Theorem 7.2 (i) of Vuong (1989), we show that the nonzero eigen-
values ofy ", 4% are the nonzero eigenvaluesX g Since:

mA;
m m A 0
z{@fiz - [ﬂg"e g] , wheres/ = Zz% - 2 (A.11)
i= i= 0 E
A
andm’ = m—1, using Lemma A.2, the eigenvalues{f', #4Z solve:
0= det(gZQQ — )\]Ip)
Y BrmPia AL 11— Allp, ”ftlfi‘zBEleZ’l - WYLIJi‘mB’ﬁmAﬁn’ll ]
- B§2W§1A§_l —BA -4 ]ipz T meB%wA?n_l
= det —BassAT —BiWnAy T o —UaBhnAn (A.12)
~BrmaAL B 1 Bt = Alp ]

By adding to the first-row matrices the last-row matrices premultiplied byrtigg; ., the first-row ma-
trices becomeé—Alp,,0,---,0,—Am'¢;;,) from Lemma A.2. Next, adding to the last-column matrices
the first-column matrices postmultiplied by @5, 0 = det(.«/> g9 — Al,) becomes:

—By, A — ’\_ }ipz - W§3I%§13A§*1 e - ‘-I-’ékmBl’fnrrA:%_i + m%zﬂ’ﬁl’“ﬁj‘l’%
0— det —B33WzA; —B3Ay T —Alp, o 3B M B3 Al
—BinllioAs T —BrnlieAs T —BhnAn = Al + M B AL W

Similarly, by adding to the first-row matrices the last-row matrices premultiplied by-ts , the
first-row matrices becomes-Al,,0,---,0,A g5,) from Lemma A.2. Next, adding to the last-column
matrices the first-column matrices postmultipliedysy,, 0 = det(.«r>99 — All,) becomes:

_B§3A(§71 —A Hps T _w;sﬁmB?knnNnil + MB§3W§Q1A’£71WIm - B§3W§2A;71w5m
0 = det : .. : .
“BrmWefs - —BhnAn "= Alpy + MBhr AL Wi — BrnlinoAs Wi
Repeating these operatios= det.«/Zgg — Alp) becomes:
1 i 1 1
0= detq Biym| M YAl Pin— % Ui "W —An ~ | = ALy, 0, (A.13)
=

which establishes (4.11) and (4.12) from Lemma A.2. Q.E.D.

Proof of Corollary 4.1: We shall first prove Part (i). To prove asymptotic independendeRqfl,i)
andLR(i, j), from Remark 4, it is sufficient to show that

iZg9( | — ;)2g9 = 0. (A.14)
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For simplicity, we shall only prove the case (@f]) = (2,3), however the case of genef#lj)s can be
treated similarly. Using (3.114,+ B, = 0 and Lemma A.2, we have

B%]ilA%]iill T B?It_mA:;']il BE 2*—1 o BE 2:}]_1
HZg9 = |—ByuATT - =By Ant|, (F3— 25)%e0 = —B*% '&*71 —BT AL
0 . 0 a 3m
0 .. 0
A »200( 3— . 5)Zgp
BizAE_leilAi_jl* B§3A§_le§1AI_jl a BizAZ_leEmAﬁw_11* B>{3A§_le§mAﬁ1_ll
= | =B%A; "BuiAT T+ BysAT B AT o —BoA By AN T+ BosAy TBaA
0 . 0

=0.

By (A.14),LR,(i—1,i),i =2,3,...,m, are asymptotically independent and from Vuong (1989, Corollary
7.3),LRa(i — 1,i) % x2(pi — pi_y). It follows that
m i—1

SLRnn:2zzz LRy(j, ] +1) (A.15)
i=2j=1

- 2_i(m_ i+ 1)LRy(i — L,i)

d m pi
—>22(m—i+1)< > .,%1-2>
i= j=pi-1+1

B m < pi ff2>

which establishes (4.13). Part (ii) is identical to Theorem 4.1-(ii). Q.E.D.

Proof of Theorem 4.2: We shall first prove Part (i). From Corollary 3.1 and (A.8), we obtain:

m m
SVm2nS @R(1i) SU'S BU. (A.16)
Therefore, it is sufficient to evaluate the eigenvalues 85 %2 from Lemma 2.1. From Remark 3, we
obtain:
- 2
m
< [Zsv O] [Zge O] [ZsvZee O] |D (iZge)= O
$ - [ O [0 O] [Fs: Mz O e

which proves Part (i). Parts (ii) and (iii) follow from (A.8) and Lemma 4.2 of Vuong (1989RQ.E.D.

Proof of Corollary 4.2: We shall prove Part (i) as Parts (ii) and (iii) are identical to Parts (ii) and (iii)
of Theorem 4.2, respectively. It is sufficient to show that

SLRnn— SVn = 0 (A.18)

from Corollary 4.1-(i) and Slutsky’s theorem. From Corollary 3.1, we have:

SLRnn—swniU’iw—%)u
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Therefore, it is sufficient to show that all eigenvaluesyglt, (<4 — %)% are zero from Lemma 2.1-
(). We note that first-row and first-column matricesX,2g9 are zero matrices and typicél j)th
submatrix ofZsyZeg is By Ay gy — B At for 2 <i,j < mby Lemma A.2. Combining this and
(A.12), the eigenvalues of" , (.o — %,)Z solve.

I'T{]Ipl + Afpl TWIZ e mw%im
0—det| BT BRAT Llfi‘z AL, - By A,{, v
B;ﬂA};_—l :|_A>~< L'UIZ - lA* L,Ulm 4 /\ ]Ipm

wherem’ = m— 1. Conducting the same matrix operations from (A.12) in the proof of Theorem 4.1, we
obtain all eigenvalues o&f ", (<% — %)X are zero, which proves (A.18). Q.E.D.

Proof of Theorem 4.3: We first prove Part (i). From Theorem 3.1, we obtain:
n Y2 Ry, BU, (A.19)

whereBis a(m—1) x (p+ m— 1) matrix given by

b/
B=| .| =[01Ind].
by
Therefore, Part (i) follows fromBU ~ .4p-1(0,BZB’) and Lemma 2.1. Part (ii) is obvious

from equations (5.7) and (5.8) in Vuong (1989, Theorem 5.1). Part (iii) is straightforward from
n~Y21Ch(1,i) £ nY2LR,(1,). Q.E.D.

Proof of Corollary 4.3: We shall prove Part (i). From Lemma 3.1, (4.25) hold. Howeldgr;- H§’
meansx| # 0. Part (i) is straightforward from Vuong (1989, Lemma 3.1). Part (iii) is straightforward
fromnY21C,(1,1) 2 n"Y2LR(1,i). Q.E.D.

Proof of Corollary 4.4: We shall prove that (& (iii) = (i) = (i) = (iv)=-(Vv).

(v)=(iii): Since G C F, E[logg(Y:|Z;y")] < E[logfi(%|Z; 6")] for anyi = 1,2,....,m.Since
F\§|)z( |-;6") = \f‘%( |-;6) € Fj foranyi,j=1,2,....m, F\E\)z( |-;6") e Gforanyi=12,....m
which implies tha€[logg(Y:|Z; y*)] > Elog fi (Y| Z; E)i*)], and hence (iii) holds.

(iii) = (ii) = (i)=-(iv): Obvious from Vuong (1989, Lemma 7.1) a@dC F.

(iv)=(v): Obvious fromH§’ meaning thafi(-|-;68*),i =1,2,...,m, are equivalent. Q.E.D.

Proof of Corollary 4.5:  Part (i) is straightforward fromtlg = H§’ and Corollary 3.1-(i). Parts (ii) and
(iii) are straightforward from Vuong (1989, Theorem 6.3 (ii), (iii)). Q.E.D.
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